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Preface

This binderincludesthepreliminaryproceedingsof thefirst internationalworkshopon Bounded
Model Checking(BMC’03) that was held on July 13th, 2003 in Boulder, Colorado.The final
proceedingswill bepublishedin issue4, Volume89 of ElectronicNotesin TheoreticalComputer
Science(ENTCS),togetherwith otherCAV’03 affiliated workshops.

Sinceits introductionin 1999,BoundedModel Checkinghasbeenadoptedby mostrelevant
companiesasacomplementarytechniqueto themoretraditionalBDD-basedunboundedsymbolic
modelchecking.Largely dueto theadvancesin SAT technologyin the last few years,it became
a leadingtool in detectionof relatively shallow logical errors,outperformingBDD basedtools in
mostof thesecases.Thelargeinterestin thistechnologyhascreatedaconstantstreamof new ideas
andimprovementsthatmakethis techniquemoreandmoreuseful.It alsoled to aneffort, reported
in theinvited talk of thisworkshop,to usethepowerof SAT solversfor standard,i.e.,unbounded,
modelchecking.

Theaim of theworkshopwasto provide a forum for presentingnew results,both theoretical
andexperimental,in BoundedModel Checking.This is thefirst workshopto concentrateon this
topic,andwehopethatit will befollowedby similar meetingsannually.

Eachof thepapersselectedto this workshophasbeenreviewedandrecommendedby at least
three(typically four) programcommitteemembers.We thank the programcommitteemembers
for their effort in evaluatingthe articles.We alsothankthe organizersof the hostingconference
(CAV’03), W. Hunt andF. Somenzi.

OferStrichman Armin Biere
Carnegie-MellonUniversity ETH Zürich

July2003
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Invited talk

KenMcMillan

FromBoundedto UnboundedModelChecking

Lectures

NiklasEén,NiklasSörensson

Temporal Inductionby IncrementalSAT Solving

Toni Jussila,Keijo Heljanko, Ilkka Niemel̈a
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QSRUTVQSWSX YUZP[\X�QST^]`_UWPa*bU[=T^ced�fgRUh=i+RKi^a*Y�Q+X h=YUZjcka*WPTgl X WPh\X bU[=T^Z+m
R�X ZnQSRUT1_UWPa*_oT^WpQrq@QSR�X�QhsQSZtWPT^ZpQSWPh=iuQSh=a*YvQSa1QSRUTwa*WPh=x*h=Y�X [IZPTuQya z{l X WPh\X bU[=T^Z|q�h=T^[=]UZ
X�cka�]UT^[Iz}a*WtQSRUTwa*WPh=x*h=Y�X [�z}a*W�~cv�U[\X��|��T	X ZPZP�UckT�QSRUT�T���h=ZpQST^YUi^T�a z|ZP�Ui+R�X7QSWSX YUZP[\X�QSh=a*Y�QST^i+RUYUh=�I�UT	X YU]Kh=Y�QSWPa�]U�Ui^TQSRUT�z}a*[=[=a�fgh=YUxDYUa Q+X�QSh=a*Y��

�K�����|���5�}�o�y��� q�� ��� ��fjT�]UT^YUa QSTKX�ZPTuQva zwi^[\X �UZPT^ZD]UTu��YUh=YUx���ZP�Ui+R:QSR�X�QV�h=ZVQSRUTv[=hsQST^WSX [�WPT^_UWPT^ZPT^Y�QSh=YUxKQSRUTvQSWP��QSR�~ l X [=�UTDa z
QSRUTDfgRUa*[=TDz}a*WPcv�U[\X�����Tvi�X [=[�:QSRUT�¡I¢}£y¤�¥�¦§¥©¨�¤«ª/¥�¦r¢u¬P­ ªga z��n��®��UWpQSRUT^W^¯tfjT`fgWPhsQST�� ���wX Z$X�ZPRUa*WpQ$R�X YU]:z}a*W� ��� �j°�±+��²I�
®�a*W9T��UX ck_U[=TV� ³9´�µI� �yc�X�q1boT�QSWSX YUZP[\X�QST^]�h=Y�QSa¶QSRUT
i^[\X �UZPT^Z
±g± �¸·P³¸²I·^± ��·Sµ{²I·^±+�¸· ³¸· µU²V²I�
¹�º\» ¼ ¢u½�¾�¨�¬P­ ª�¿�¤o¡ À�Áu¦§¥©¨�¤
Â RUh=Z�ZPT^iuQSh=a*YÃbUWPh=TuÄUqÅZP�Uckc�X WPh=Æ^T^ZÇQSRUT�l*T^WPhs��i�X�QSh=a*YÅQST^i+RUYUh=�I�UTÈ¦r¢u½�¾�¨�¬P­ ª�¥�¤o¡ À�ÁuÉ¦§¥©¨�¤È_UWPT^ZPT^Y�QST^]�h=YÊ� ËUËUË�Ì*Ì �©��Í Â RUTÇfja*WP]ÏÎ�QST^ck_oa*WSX [=Ð�ZP�Ux*x*T^ZpQSZ@QSR�X�Q@QSRUT�h=YU]U�Ui�~QSh=a*YKh=Zwi�X WPWPh=T^]Ça*��Qga�l*T^WgQSRUT�QSh=ckT1ZpQST^_UZVa z|QSRUT7®
ËUÑ��{Ò¸h=Ó T	X$ZpQ+X YU]�X WP]�h=YU]U�UiuQSh=a*Y_UWPa�a z�¯�X	QST^ck_oa*WSX [�h=YU]U�UiuQSh=a*Yk_UWPa�a z¸i^a*YUZPh=ZpQSZna z�Qrfjav_�X WpQSZ^�tQSRUT�b�X ZPT�~ri�X ZPT1X YU]�QSRUTh=YU]U�UiuQSh=a*Y�~rZpQST^_��ÕÔrYÖhsQSZDZPh=ck_U[=T^ZpQDz}a*WPc�¯|QSRUT`b�X ZPT�~ri�X ZPTKZpQ+X�QST^ZvQSR�X�QDQSRUT`_UWPa*_oT^WpQrqZPRUa*�U[=]�RUa*[=]�h=YKQSRUT7h=YUhsQSh\X [9ZpQ+X�QST^Z^×9X YU]ÇQSRUT7h=YU]U�UiuQSh=a*Y�~rZpQST^_�ZpQ+X�QST^ZgQSR�X�QVQSRUT7_UWPa*_�~T^WpQrq�ZPRUa*�U[=]�boTk_UWPT^ZPT^Wpl*T^]:b�q�QSRUT@QSWSX YUZPhsQSh=a*YUZ1a zjQSRUTk®
ËUÑ��|Øt��_UWPT^ZPZPh=YUx�QSRUT@Qrfja_�X WpQSZva zwQSRUT`h=YU]U�UiuQSh=a*Y:_UWPa�a zVX Z@Ë�Ù Â ~r_UWPa*bU[=T^ckZDh=ZvZpQSWSX h=x*R�Qp~ z}a*Wpf¶X WP]IÚ�ZpQSh=[=[©¯¸QSRUTWPT^ZP�U[sQSh=YUxKckTuQSRUa�]�h=Z	X [=WPT�X ]�q�X Y�h=Y�QST^WPT^ZpQSh=YUxÇi^a*ck_U[=T^ckT^Y�Q1QSa �¶Û�Û ~rb�X ZPT^]�l*T^WPhs��~i�X�QSh=a*Y:ckTuQSRUa�]UZ^¯nT^ZP_oT^i^h\X [=[sq�z}a*W$Zpq�ZpQST^ckZ$fgRUT^WPTKQSRUT`QSWSX YUZPhsQSh=a*Y:WPT^[\X�QSh=a*Y:R�X Z$YUaZP�Ui^i^h=YUiuQ �¶Û�Û ~rWPT^_UWPT^ZPT^Y�Q+X�QSh=a*Y���ÜVa�fjTul*T^W^¯�QSRUTgckTuQSRUa�]@h=Z
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��� Î�è�Í_Ê�Ì�Ì�Ê¡ç�è «

Åüû ±?¥���´ ¬ Å ±?¥���´ ��� ñ ò
Åüû ±?¥���´ ¬ Å ±?¥�����	 ï��/¦
��´ ����� ò
Åüû ±?¥�¦ · ¸ ´ ¬ Å ±?¥�ï · ¸ ´
Å û ±?¥�¦ ¿�À ª?´ ¬ Å ±?¥�¦ ¿�À ªI´
Åüû ±?¥�¦ º�¨Á» ´ ¬ Å ±?¥�¦ º�¨Á» ´

Åüû�ÓÈÊ¡çTÔ-Ê�ÓÈèVÄ'Õ�Ä'Ñ
Ä'Ã-è�Î%Ô-Ê�ÑÈÓ�Ä'Ã-Ð�×�Ã ØÈÎ�É+ÙÈÌ�Ã6Ê�ÍÈËÈÃ-Ù
Ä'ÇÒÚ�� ± ô �Oò ´ å æàÃ6Ç.Î�þ�Ã^Ô-Ê�Ó�Ä'Ð'Î�ÔYÄ'Ã-Ë
Ä'ÇÈÃ�Ô-Ê�ÑÈÓ�Ä'Ã-Ð�×�Ã ØÈÎ�É+ÙÈÌ�Ã�Æ�ëOè�Õ�É+ÙÈÌ�ë�Ð�Ã-É+Ê¡þ)Õ�ÓÈÖ�Î�Ì�Ì�èVÄQÎ�Ä'Ã-è Æ2ÃYÄ�ç^Ã-Ã-ÓÒò2Î�ÓÈË ô ± ËÈÃ-ÙÈÕ�ÔYÄ'Ã-ËdÕ�Ó
�������! ´ å#" ÇÈÃ6Ê�ÓÈÌ�ëWÙ2Ê�Ä'Ã-Ó�Ä'Õ�Î�Ì�ÙÈÐ�Ê�ÆÈÌ�Ã-É Ì�Õ�Ã-è�Õ�Ó£Ä'ÇÈÃ%$VÖ�Ì�ÑÈÕ�ÓÈÖ�&MÊ�Í
Ä'ÇÈÃ�ÇÈÃ�Î�ËdÎ�ÓÈË£Ä'ÇÈÃ�ÄQÎ�Õ�Ì
Î�Ä%èVÄQÎ�Ä'Ã�ò å(' Ê¡ç^ÃYþ�Ã-Ð�)2Ä'ÇÈÃ�Ê�ÓÈÌ�ëlÔ-Ê�ÓÈèVÄ'Ð'Î�Õ�Ó�Ä'è%Ô-Ê�Ó�ÄQÎ�Õ�ÓÈÕ�ÓÈÖ ¥�¦ Î�Ð�Ã ²O³�½.¾ Î�ÓÈË ²O³Iå(* Ñ
Ä
²O³�½.¾ ËÈÊ)Ã-è�ÓÈÊ�Ä�Ô-Ê�Ó�ÄQÎ�Õ�Ó�Î�Ó�ëøþ�Î�Ð�Õ�Î�ÆÈÌ�Ã-è^Í_Ð�Ê�É ¥�¦ · ¸ )Èè�Ê+Ì�ÃYÄ�Ä'Õ�ÓÈÖÒÅ ±?¥�¦ · ¸ ´,+¬ Åüû ±?¥�¦ · ¸ ´
Ô�Î�ÓÈÓÈÊ�ÄOÉ9Î.-�Ã ²O³�½.¾ Í&Î�Ì�è�ÃÏÕ�ÓìÅüû å0/ Õ�É+Õ�Ì�Î�Ð�Ì�ëøÍ_Ê�Ð ²O³ ç�ÇÈÕ�ÔQÇâËÈÊ)Ã-è£ÓÈÊ�ÄOÔ-Ê�Ó�ÄQÎ�Õ�ÓâÎ�Ó�ë
þ�Î�Ð�Õ�Î�ÆÈÌ�Ã-è%Í_Ð�Ê�É ¥�¦�¿�À ª å21 Õ�Ó.Î�Ì�Ì�ë Å ±?¥�¦ º�¨Á» ´�¬ Å ±?¥�ï º�¨Á» ´ )\è�Ê�Õ�ÓÈËÈÃ-Ã-Ë ÅüûEÉÒÑÈèVÄOÆ2ÃhÎ
É+Ê)ËÈÃ-Ì/Í_Ê�ÐMÄ'ÇÈÃOÔ-Ê�ÓÈèVÄ'Ð'Î�Õ�Ó�Ä'è ²O³�½.¾ Î�ÓÈË ²O³Iå 3

" ÇÈÃhÙÈÐ�Ê)Ê�Í^Ô�Î�ÓâÃ�Î�è�Õ�Ì�ëìÆ2ÃhÃ Ø)Ä'Ã-ÓÈËÈÃ-ËâÄ'Ê�Ã-èVÄQÎ�ÆÈÌ�Õ�è�ÇìÄ'Ç.Î�ÄOÄ'ÇÈÃhÃ Ø
Ô-Ì�ÑÈè�Õ�Ê�ÓâÊ�Í6Ä'ÇÈÃhú.Ð�èVÄ
Î�ÓÈËlÄ'ÇÈÃOÌ�Î�èVÄ�èVÄQÎ�Ä'ÃOÕ�èMè�ÑÈÙ2Ã-Ð54.ÑÈÊ�ÑÈè%Õ�Í�Î�Ì�Ì/þ�Î�Ð�Õ�Î�ÆÈÌ�Ã-è^Ê�Í Ü Ê)Ô-Ô-ÑÈÐ�Õ�ÓøÄ'ÇÈÃOÓÈÃ Ø)Ä%èVÄQÎ�Ä'ÃOÊ�Í
² Î�ÓÈË�Î�Ì�Ì2þ�Î�Ð�Õ�Î�ÆÈÌ�Ã-è�Ê�Í ä Ê)Ô-Ô-ÑÈÐ�Õ�ÓlÄ'ÇÈÃOÔ-ÑÈÐ�Ð�Ã-Ó�Ä%èVÄQÎ�Ä'ÃOÊ�Í ² å

6�6



7%89;:0<�:�=�>@?A�B 9;:�C�C A :
D EGFIH%J!K�L5MNJ#OQPSRUTWVXJ!YSZ,T[PSY
\^]S_a`cbS_�d.eWfSg�_�e�_�h�ij_�bX`chkij]S`celfmd.fn_�gloQ_�g�_p`cqlfSrc_�ql_�h�ij_�bk`chkij]S_afSg�s.ijs.iut�fn_vijs�s�r
wQx
y�z o{]S`c|}]~o(d.el`ch�ij_���gjd�ij_�b�o{`�ij]�ij]S_a����\Q�ue�s�r���_�g������������{����rcr(�n_�hS|}]SqWd.g���e
oQ_�g�_�fn_�g5�
s�g�ql_�b�s�h�dk�~�������#_�h�ij`c�Sq ��o{`�ij]¢¡�£;��¤a¥¦s.�§ql_�qls�g5t¨g��ShShS`chS�
©�`ch���ª@�§«¬_2e�_­i�ij]S_�ij`cql_®�us���i��
s�g�d.rcr#r¯d.�ShS|}]S_�e,ijs�£�°±ql`ch���ij_�e�²!d.hSb³ij]S_2ql_�qls�g5t
rc`cql`�iUijs2��°�°0¤a¥��S\^]S_��n_�hS|}]SqWd.g���e(oQ_�g�_�|�s�rcrc_�|­ij_�b±�
g�s�q´e�_­��_�gjd.r�e�s��Sg�|�_�e���µuh�ij]S_
i}d.�Src_�e�²S_�d.|}]a�n_�hS|}]SqWd.g��±hmd.ql_,`ce(i}d.����_�b�o{`�ij]Gij]S_�e�s��Sg�|�_�s.�#ij]S_�fSg�s��Src_�qv¶

·j¸�¹�º­»@·}º½¼¿¾ ªSd.qlfSrc_,Àmrc_�e(�
g�s�qÁij]S_IÂ^�IÃUÄ�Å%Æ!Ä2��ÇÉÈÊbS`ce5ijg�`c�S��ij`cs�hË�
·­Ì2Í ¼¿¾ ªSd.qlfSrc_,Àmrc_�e(�
g�s�qÁij]S_IÂ,ÇÉÎÏ��ÇÉÈÊbS`ce5ijg�`c�S��ij`cs�hË�
Ð º­» ¼ �S¤GÑÒ|�d.e�_�e5ij�SbS`c_�e^�
g�s�qÔÓ,_�hp¤v|�¤v`crcr¯d.hËÕ eQoQ_����ufmd.��_.�
»mÍ�Ö­Ì2× ¼¿¾ ªSd.qlfSrc_,Àmrc_�e(�
g�s�qÁij]S_IØlÙ{��ÇÉÈ¦bS`ce5ijg�`c�S��ij`cs�hË�
×�ÚcÖ ¼¿¾ ªSd.qlfSrc_,Àmrc_�e(�
g�s�qÁij]S_IÈ�Û��ÜbS`ce5ijg�`c�S��ij`cs�hË�
Ý º�Þ�¸;Ö ¼ \^]S_�ß º�Þ�¸;Ö§àSá0â®º­»@·}ã�Ìl¸.ä Ð Ö �
g�s�qÊ¥Q_�g��._�rc_­två�hS`���_�g�e�`�iut��
º­Ú æ Ð ¼ µ5�SçQ�,�nÕ è�éle�_�ê��S_�h�ij`¯d.r!_�ê��S`��.d.rc_�hS|�_,|}]S_�|}��`chS�l�
g�s�qìë ¾ ` í���é�è;îï�
ÚðäjÖ Ý ¼ ��g�s��Src_�qle(�
g�s�q´ij]S_%¤vs�bS_�r#çQ]S_�|}��`chS���,g�s��Sfvd�i{µòñ���\,�

��rcr@fSg�s��Src_�qle(oQ_�g�_�|�s�h���_�g5ij_�bvijs2ó�d�i(��ÇÉÈ��[�
s�g�qWd�i�o{`�ij]Gs�hSr�t±�ns�s�rc_�d.hW�.d.g�`¯d.�Src_�e
d.hSbvhSsle��S���uqls�bS�Src_�e���ôms�g^_�d.|}]afSg�s��Src_�qv²�ij]S_�ejd��
_­iutvfSg�s�fn_�g5ij`c_�e(oQ_�g�_%_®ª�ijgjd.|­ij_�bË�
µuhõij]S`ce�fSg�s�|�_�e�e�²�çQ\{©¨�
s�g�q��Sr¯d.evö ¾ ô�÷GoQ_�g�_W|}]md.hS��_�bÜ`ch�ijsÉö5���§ø
÷pd.hSbÜd.rcr��ùd.`cgò�
hS_�e�e�|�s�hSe5ijgjd.`ch�ije,oQ_�g�_0g�_�qls���_�bË�0úI`�û@_�g�_�h�i�fSg�s�fn_�g5ij`c_�eI�
s�gIij]S_2ejd.ql_2e5t�e5ij_�qìd.g�_
`chSbS`c|�d�ij_�b���tvd2e��S�Se�|�g�`cf�i�d��ðij_�g^ij]S_�e5t�e5ij_�qÔhmd.ql_.�

çQs��Sh�ij`chS�l_�d.|}]afSg�s�fn_�g5iutvd.e�d0e�_�fmd.gjd�ij_§`chSe5i}d.hS|�_.²nd2ijs.i}d.rËs.�(£�è�¡�fSg�s��Src_�qÊ`ch��
e5i}d.hS|�_�eQoQ_�g�_I|�s�rcrc_�|­ij_�bË�
��eQs��SgUÀmg�e5i^_®ª�fn_�g�`cql_�h�i�²�oQ_Igjd.h wQx
y ²�Â^�IÃUÄ�Å%Æ!Ä���ÇÉÈW²
Â,ÇÉÎü��ÇÉÈW²Sd.hSb2ØlÙ{��ÇÉÈÏs�hl_�d.|}]ls.�nij]S_�e�_�`chSe5i}d.hS|�_�e�����rcr�ijs�s�rce�oQ_�g�_�g��Sh0o{`�ij]
d2bS_­�ùd.�Sr�i{e�_­i�s.��s�f�ij`cs�hSe�²SfSg�s���`cbS`chS�0hSs0fSg�s��Src_�qÊe�fn_�|�`�Àm|,�.d.g�`¯d.�Src_Is�g�bS_�g�`chS�S¶

ýnþ�ÿ ��� º­»n¸.ÌWº
�����	��
�� ��� º­»n¸.ÌWº
��
�����
������	�������	��� ��� º­»n¸.ÌWº
� ����
�� ����������������
 þ�� � � � þ ��� º­»n¸.ÌWº

µuhSe5i}d.hS|�_�e�e�s�r���_�bG`chGrc_�e�e(ij]md.h�£�e�_�|�s�hSbv��tGd.rcrnijs�s�rceQoQ_�g�_§|�s�hSe�`cbS_�g�_�bGijg�`���`¯d.r@d.hSb
g�_�qls���_�bË²mrc_�d���`chS�G£;¡.è2`chSe5i}d.hS|�_�e��

!�"$# %'& Ì)(S¸.ä®ÚcÖ & »+*�Ú Ý ã-,/. .10 Ý &2& � Ö
\^]S_±g�_�e��Sr�i�s.�^ij]S_±|�s�qlfmd.gjd�ij`���_W_®ª�fn_�g�`cql_�h�i�`ce%fSg�_�e�_�h�ij_�bk`ch436587�9;:=<.�p\^]S_±bS_®�
�ùd.�Sr�i,e5ijgjd�ij_��.t³s.� wQx
y g��ShSe,ij]S_0�md.e�_®�u|�d.e�_Wd.hSb³ij]S_0`chSbS�S|­ij`cs�h��ue5ij_�f�fSg�_�e�_�h�ij_�bÜ`ch
> � ? & ä®Ú Ý ã�ÌA@ d.hSbCB¨`chÜfmd.gjd.rcrc_�rï²�_�d.|}]�o{`�ij]�`�ije�s�o{h~e�s�r���_�g2`chSe5i}d.hS|�_.�õ\^]S_�iuoQs
d.rc��s�g�`�ij]SqleQd.g�_,��`���_�hG_�ê��md.r!d.qls��Sh�i^s.��ç(�Uå ij`cql_.²��Sh�ij`crnij]S_�fns�`ch�i(o{]S_�g�_�_�`�ij]S_�g
ij]S_l�md.e�_®�u|�d.e�_l�ùd.`crce�²!d.hSbÜdG|�s��Sh�ij_�gò�u_®ªSd.qlfSrc_l`ce��
s��ShSbË²#s�g,ij]S_l`chSbS�S|­ij`cs�h��ue5ij_�f¬`ce
DFEHG�I/JLKMKONQP�RTS	U	JLG�IWV2X�EQY$Z[KON \OI^]'_O`�a2b�c6cedgf�hidgN N6j�I^f�klG�mndg]Lo2Zqp�Z[Irhts ftJLG�suZ'dg][JLsukvN Ink^dgfij�I
h2Kxwyf�N KzdOh2Irhn{T]LKOm}|M~�~ ��� �O�������������^���l|��x� �n�v�l�^� �^�$���/�l�v�g�
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�8�r�2 �¡z¢H£�¤�¢8¥-¦¨§8¡1�r¡z©ª¤�«�¢8«�¢8¬®­�¤�¯r¡g°�±M¤�¯r¡z¯i²;«´³µ¤�¢�¶8·n¤��r¡1�8�r�2 �¡z¥¹¸º«´¦¨§¼»2½�½�¾À¿/Á�ÂÄÃ
Å §8¡ �8Æ8�r����¯r¡ ��³H¦¨§8¡ ¡gÇ	��¡z�r«�©È¡z¢�¦É¸/¤�¯É¦¨�i�r¡zÊË¤�¦¨¡º¦¨§8¡ ��¡z�^³;���r©ª¤�¢8±z¡)��³y«�¢8¥8Æ8±O¦¨«���¢

¦¨�1«�¢8¥8Æ8¯^¦¨�r«Ë¤�Ê�Ê´¶Ä¤��8�8Ê�«�¡z¥�©È¡O¦¨§8��¥8¯z£�¤�¢8¥®¦¨�1¯r§8�2¸}¦¨§8¡t²;ÊË¤�±xÌt��³x·µ±z���r�r¡zÊË¤�¦¨«���¢i­�¡O¦�¸É¡z¡z¢
§�¤��r¥8¢8¡z¯r¯/³;���/Í/ÎÏÎW°�­�¤�¯r¡z¥-©È¡O¦¨§8��¥8¯n¤�¢8¥-§�¤��r¥8¢8¡z¯r¯/³;���/«�¢8¥8Æ8±O¦¨«���¢�°�­�¤�¯r¡z¥Ð©È¡O¦¨§8��¥8¯zÃÑÉÒ;Ó ¸/¤�¯q¤�­8Ê�¡�¦¨� ¯r��Ê´ �¡/ÔW«�¢8¯^¦x¤�¢8±z¡z¯µ¸º§8¡z�r¡nÍ/ÎÏÎW°�­�¤�¯r¡z¥Ä �¡z�r«´Õ�±M¤�¦¨«���¢Ä³[¤�«�Ê�¡z¥H£�¯r§8�2¸º«�¢8¬
¦¨§�¤�¦º«�¢8¥8Æ8±O¦¨«���¢-©ª¤M¶-­�¡Ä¤i �¤�Ê�Æ�¤�­8Ê�¡ ±z��©È�8Ê�¡z©È¡z¢�¦x¤��^¶Ð©È¡O¦¨§8��¥HÃ¨Ö

×�Ø�ÙÛÚ�Ü ÝxÞOßnàváÏâ$ãQÞOä¨ÝOåªÝOã�ßlæ�ç�â$ß[è
Å §8¡)¯r¡z±z��¢8¥=¡gÇ	��¡z�r«�©È¡z¢�¦É¸É¡ ��¡z�^³;���r©È¡z¥È¸/¤�¯n¤Ä±z��©È��¤��r«�¯r��¢ª��³êé ç ë�à�ägâ$ß$ì�åíÙ ¤�¢8¥ïî
Æ8¯r«�¢8¬t¦¨§8¡ «�¢8±z�r¡z©È¡z¢�¦x¤�ÊQ«�¢�¦¨¡z�^³[¤�±z¡ ��³�ð�ñyò	óqô'ôõ¤�¢8¥-Æ8¯r«�¢8¬ið�ñyò	óqô'ôõ¤�¯n¤�¢-¡gÇ�¦¨¡z�r¢�¤�Ê
¯r��Ê´ �¡z�zÃµö�¢®¦¨§8«�¯µ¡gÇ	��¡z�r«�©È¡z¢�¦M£�¸É¡nÆ8¯r¡z¥���¢8Ê´¶Ä�8�r��­8Ê�¡z©÷«�¢8¯^¦x¤�¢8±z¡z¯ø¸º§8¡z�r¡/¦¨§8¡/�8�r����¡z�^¦�¶
§8¡zÊ�¥HÃ Å §8¡1�r¡z¯rÆ8Ê´¦W«�¯n�8�r¡z¯r¡z¢�¦¨¡z¥ù«�¢eú6û8ü�ý;þ ÿ�Ã
Å §8¡ ¡gÇ	��¡z�r«�©È¡z¢�¦ ¡z¯^¦x¤�­8Ê�«�¯r§8¡z¯ ¤C¯rÆ8­8¯^¦x¤�¢�¦¨«Ë¤�Ê®¯r��¡z¡z¥�°�Æ8� ­�¶ ¦¨§8¡ «�¢8±z�r¡z©È¡z¢�¦x¤�Ê

¤��8�8�r��¤�±x§HÃFÂW¢8¯rÆ8�r�8�r«�¯r«�¢8¬�Ê´¶�£)¦¨§8¡ ¬�¤�«�¢ ¸/¤�¯+ÊË¤��r¬�¡z�-³;���¹«�¢8¯^¦x¤�¢8±z¡z¯=¸º§8¡z�r¡ ¤ Ê���¢8¬
«�¢8¥8Æ8±O¦¨«���¢�°�¯^¦¨¡z�-¸/¤�¯º¢8¡z¡z¥8¡z¥¹¦¨�È�8�r�2 �¡Ï¦¨§8¡1�8�r����¡z�^¦�¶�Ã

� �r��© ¦¨§8¡n¦x¤�­8Ê�¡É¸É¡W±M¤�¢È¤�Ê�¯r�Ï¯r¡z¡n¦¨§�¤�¦q¦¨§8¡º«�¢8¥8Æ8±O¦¨«���¢�°�¯^¦¨¡z�®Æ8¯rÆ�¤�Ê�Ê´¶t¦x¤�Ì�¡z¯�Ê���¢8¬�¡z�
¦¨�¼�8�r�2 �¡=¦¨§�¤�¢ ¦¨§8¡=­�¤�¯r¡g°�±M¤�¯r¡�Ã�� ¡=��­8¯r¡z�^ �¡z¥ ¦¨§8¡=¯¨¤�©È¡=­�¡z§�¤M �«����i³;���®«�¢8¯^¦x¤�¢8±z¡z¯
¸º§8¡z�r¡�¦¨§8¡È�8�r����¡z�^¦�¶ï³[¤�«�Ê�¡z¥ ²[¤�Ê´¦¨§8��Æ8¬�§ ¢8��¦Ä�8�r¡z¯r¡z¢�¦¨¡z¥e§8¡z�r¡2·gÃ Å §8«�¯1«�¯Ï¦¨§8¡È�r¡M¤�¯r��¢
¦¨§8¡Ï¥8¡O³[¤�Æ8Ê´¦/¯^¦¨�¨¤�¦¨¡z¬�¶-��³ ÑÉÒ;Ó ¥8��¡z¯n¢8��¦º«�¢8±z�r¡M¤�¯r¡ ¦¨§8¡ÏÊ�¡z¢8¬�¦¨§8¯/��³ ¦¨§8¡Ï¯^¦¨¡z�+¤�¢8¥-­�¤�¯r¡
¡O �¡z¢8Ê´¶�£�­8Æ	¦q«�¢8¯^¦¨¡M¤�¥i¥8¡O ���¦¨¡z¯q¦¨§8¡/¯¨¤�©È¡/¤�©È��Æ8¢�¦ø��³Q¿/Á�Â ¦¨� ¡M¤�±x§HÃ��)¦¨§8¡z�^¸º«�¯r¡�£�­8Æ8¬�¯
©ª¤M¶Ð¢8��¦º­�¡Ï³;��Æ8¢8¥¹¥8Æ8¡Ï¦¨��§�¤��r¥e²[¤�¢8¥=³;Æ	¦¨«�Ê�¡2·�«�¢8¥8Æ8±O¦¨«���¢�°�¯^¦¨¡z�8¯zÃ

×�Ø î � ãQÝ��2à�ç
	�ÝOäÏâ$ã��Oßlæ�ãQÞxÝià�ä1ß
�Éà
Å §8¡ï¦¨§8«��r¥ ¡gÇ	��¡z�r«�©È¡z¢�¦=±z��©È��¤��r¡z¥õé ç ë�à�ägâ$ß$ì�å�� ²����Q«�¬�°��H¤�¬���·®Æ8¯r«�¢8¬ ��¢8¡¼¯r��Ê´ �¡z�
«�¢8¯^¦x¤�¢8±z¡Ð¦¨�ï�rÆ8¢8¢8«�¢8¬ï¦¨§8¡-«�¢8¥8Æ8±O¦¨«���¢�°�¯^¦¨¡z� ¤�¢8¥ ¦¨§8¡-­�¤�¯r¡g°�±M¤�¯r¡=«�¢ ¯r¡z��¤��¨¤�¦¨¡=¯r��Ê´ �¡z�
«�¢8¯^¦x¤�¢8±z¡z¯zÃ ²��rÎ Æ�¤�Ê���·gÃ+ö�¢e¦¨§8«�¯i¡gÇ	��¡z�r«�©È¡z¢�¦M£ø¦¨§8¡Ð¯^¦¨¡z� ¤�¢8¥e¦¨§8¡Ð­�¤�¯r¡Ð¸É¡z�r¡-«�¢8±z�r¡g°
©È¡z¢�¦¨¡z¥Ð¡O �¡z¢8Ê´¶ª¯r�i¦¨§�¤�¦É­���¦¨§Ð©È¡O¦¨§8��¥8¯'¸É��Æ8Ê�¥Ð¯r��Ê´ �¡)��¢8Ê´¶�¦¨§8¡)©È«�¢8«�©ª¤�Ê8¢�Æ8©i­�¡z�/��³��� Å °�«�¢8¯^¦x¤�¢8±z¡z¯zÃ�� ¡Ð¤�Ê�¯r�+«�¢8±zÊ�Æ8¥8¡�¦¨§8¡ª¯^¦x¤�¢8¥�¤��r¥e«�©È�8Ê�¡z©È¡z¢�¦x¤�¦¨«���¢¼��³Ä²;±z��©È�8Ê�¡O¦¨¡2·
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Abstract

The BDD- andSAT-basedmodelcheckingandverificationmethodsnormally requirean
initial state.Herewe areconcernedwith sequentialhardwareverification,whereaninitial
statemustbe oneof the resetstates.In practice,a resetstateis not alwaysgiven by the
designer, andcomputingaresetstateof acircuit is ahardproblem.In thispaperwepropose
amethodallowing usageof SAT-basedverificationmethodswithoutaneedfor auser-given
or a computedinitial state.Theideais to employ a binaryencodingof 9 -valuedmodeling
of circuits,andusetheundefinedstate: asa resetstate.

1 Intr oduction

In thetheoryof FiniteStateMachines(FSM) [Koh78], oneassumesan initial state
(or asetof initial states),from whichthemachinestartsoperating.Herewewill be
concernedwith sequentialverificationof synchronizedhardware(circuit) models.
In the practiceof hardwareverification,an initial state ;&< of a circuit = is a state
whereall stateelements(latchesandflip-flops) have a binaryvalue( > or ? ), and
thereis an initializing sequence@
< that brings = from the A stateto that binary
state;&< [CA89]. A resetor asynchronizationsequencefor = , on theotherhand,is
asequence@
B thatbrings = from any binarystateto auniquestate;&B , calleda reset
or a synchronizationstate( @
B and ;&B areindependentfrom thestatefrom which =
startsoperating)[Koh78]. Any initializing sequenceis clearlyaresetsequence,but
theconversedoesnothold [CA89].

ClassicBDD-basedmodelcheckingandverificationalgorithmsrequirea reset
state[CBM89,CM90,TSLBS90,CCQ96,CC97,McM93]. Thesameis truefor well
known SAT-basedmodelcheckingalgorithmssuchasBoundedModel Checking
[BCC99,BCCFZ99] or the inductionmethod[SSS00]. Computationof resetse-
quencesis a hardproblem[CJSP93,PB94,PJH94,LP96,KBS96,CPRSS97,RH02].
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Thereforein this work wearelooking for verificationmethodsthatcanwork with-
outa resetstate.

UnlikeSAT andBDD-basedmethods,theATPGmethodsdonotrequireareset
state. There,oneassumesthe outputsto differ, andlooks for a justifying assign-
ment. Thecircuit modelingis ternary– besidesthetwo binaryvalues� and � , one
considersan unknownvalue, � (elsewherealsodenotedby � or � ). A justified
assignmentgivesan input vectorsequencethat, if appliedto the circuits starting
at theunknown state� (or at anybinarystate),bringsthemto a statewheretheir
outputsdiffer.

In order to take advantageof the rapidly developing SAT-basedverification
technology, herewe proposea SAT-basedmethodfor verifying � -valuedequiva-
lenceof sequentialcircuitswithout initialization. Ourmethodis basedonthedual-
rail modelingof circuits,whereeveryternaryvalueis representedwith apairof bi-
naryvalues(see[Bry87,BS94,SB95,KR03]). Via dual-railencoding,wecanarrive
to ordinary( � -valued)propositionallogic formulationof theverificationproblem.

The novelty of our approachis to show that thedual-rail � statecanbe used
asa resetstatein the (forward aswell asbackward) SAT-basedalgorithmsmen-
tionedabove (the BMC andinductionalgorithms). We first presentan algorithm
for checking� -valuedequivalencewhichusesthe � stateasaresetstate,andprove
its correctnessandcompleteness.We thendiscusstheapplicabilityof our method
to verification with respectto other conceptsof sequentialequivalence,suchas
alignability or post-synchronizationequivalence[Pix92], andsteady-stateequiva-
lence[KMH02].

Thepaperis structuredasfollows. In thenext section,we quickly recallsome
basicdefinitionsusedin thiswork. In Section3, werecallabackwardATPGbased
algorithmfor verifying � -valuedequivalenceandexplain its drawbacks. In Sec-
tion 4, wegivea light introductionto abinaryencoding,calleddual-rail encoding,
of � -valuedlogic into Booleanlogic, originally developedfor the purposeof ef-
ficient symbolicsimulationandmoredirectmodelingof circuit operation[BS94].
Wealsoreferto morerecentresultsonusageof thedual-railencodingin SAT-based
sequentialverification[KR03]. In section5, we proposea SAT-basedmethodfor
� -valuedequivalenceverification, and discusshow it relatesto the ATPG algo-
rithm mentionedabove. In Section6 we discusshow our methodcanbeextended
to steady-stateandalignability sequentialequivalenceverification. Experimental
resultsarediscussedin Section7. Conclusionsappearin Section8.

2 Preliminaries

Without restrictinggenerality, we will assumethat any circuit � hasexactly one
output, � . We denoteby ��� and �$� our specificationandimplementationcircuits
(with outputs ��� and �/� , respectively), andassumethat they have the samesetof
inputs(dummyinputscanbeadded,if necessary).Wedenoteby ���0�q� thecombined
circuit with sharedinputsandXORedoutput �l�����\�������/� . And we denoteby
�����*�q� the combinedcircuit (the productmachine [HS98]) with sharedinputsand

2
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XNORedoutput §©¨ª§�«\¬�­¯®�°�§/± .
We considerternarymodelingof circuit nodevalues.Thevaluescouldbeone

of thebinary values– ² or ³ , or anundefinedvalue– ´ (elsewherealsodenoted
by ¬ or µ ). Givenaternary(or binary)inputvectorsequence¶ , ·¹¸qº�»�¶K¼ will denote
thevalueof node· of acircuit ½ after ¾ -valuedsimulationof ½ with ¶ , startingat
state º . Similarly, ½�¸qº�»�¶K¼ denotesthe(ternary)stateinto which ¶ brings ½ , from
stateº .

A circuit ½ is specifiedasa collectionof next-statefunctions(NSFs)of the
latchesaswell asof the output. An NSF is a function of currentandnext-state
valuesof inputsandlatches.« Thiscollectionof NSFsdefinesasequentialinstance
correspondingto ½ , denoted¿R·Iº&À&¸�½�¼ . We denoteby Á©Âq·Iº�¸�½�¼ the setof inputs,
latches,andthe outputof ½ . Every pin variable Ã canbe viewed asa sequence
¸ÄÃKÅ ÆÈÇk¼,ÉoÊ\Ë of Booleanvariables,eachÃKÅ ÆÈÇ representingvalueof pin Ã at phaseÆ
(thusthenext stateof ÃKÅ ÆÈÇ is ÃKÅ ÆÍÌÏÎ&Ç ).

Assumptionsandproof obligationscanbe addedto an instance.Assumptions
areassumedto betruein all (relevant)timephases,andproofobligationsrepresent
propertieswhosevalidity in all (relevant) phaseswe intend to check. The proof
obligationswe will be interestedin aresafetypropertiesrelatedto thevalidity of
§4Ð�Ñ*ÒqÓoÔÕ² .

Unrolling to depth Ö of the instance¿R·Iº&À&¸�½�¼ yieldsa combinationalinstance,
denoted½�Å ×E»0Ö�Ç , consistingof variables Ø�ÃKÅ Â�ÇcÙm×ÛÚÜÂÝÚÕÖ`»qÃßÞàÁ©Âq·Iº�¸�½�¼�á , and
the relationson themare inducedby the NSFs. The function of the output § in
½�Å ×E»0Ö�Ç at timephaseÖ will bedenotedby §EÅ ×E»0Ö�Ç . Weassumeit is apartialfunction
on all Booleanvariablesin the instance;partialbecausesomevaluecombinations
areillegal asthey contradicttheNSFrelationsimposedon the instance.Alterna-
tively, §EÅ ×E»0Ö�Ç canbeseenastheconjunctionof all NSFrelationsandassumptions
in ½�Å ×E»0Ö�Ç .

Intuitively, falsificationof aproofobligationexpressing§�«&Å Ö�Ç�Ôâ§/±/Å Ö�Ç in ½�Å ×E»0Ö�Ç
correspondsto Ö iterationsof an ATPG procedureof finding a counter-example
(CEX) to theproof obligation §�«ãÔä§/± . We will seein the latersectionsthat this
correspondenceis notastight asit mayseemfrom thefirst sight.

Thefollowing exampleclarifiestheabovedefinitions.

Example2.1 Consideracircuit ½ thatconsistsof anegatedlatch å , with dataæ and
clock which is alwaysfalse: çX¨Í³ (seeFigure1). Let §è¨êé¹å denotetheoutput.
Then ¿R·Iº&À&¸�½�¼ consistsof two NSFs: åìë
¨Ûç�ëÄí©æ�ëZÌ©é¹ç�ëÄí©å�¨Ûå and §4ë
¨îé¹åìë , whereï
ë
denotesnext statevalueof ï . Unrolling ¿R·Iº&À&¸�½�¼ to depth Î yieldscombinational
instance½�Å ×E»*Î&Ç consistingof variables §EÅ ×�Çq»�§EÅÄÎ&Çq»�åmÅ ×�Çq»�åmÅÄÎ&Çq»�æ`Å ×�Çq»�æ`ÅÄÎ&Ç and relations
§EÅ Â�Çð¨ñé¹åmÅ Â�Ç for Â�¨ñ×E»*Î , and åmÅÄÎ&Çð¨ªåmÅ ×�Ç .

ò
Thus,thecircuitsthatweconsiderareMealymachines.

3
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Fig. 1. NegatedLatch

3 A backward ATPG basedmethodfor verification without ini-
tialization

Huangetal [HCC01] developedanATPGbasedmethodfor verifying û -valuedsafe
replacementaswell as3-valuedequivalencefor sequentialcircuitswith or without
aninitial state.To define û -valuedequivalence,they introducedacoveringrelation
on signalswith ternaryvalues:signal ürý coverssignal ü�þ if f whenever ürý©ÿ�� or
ürýoÿ�� , then ürý�ÿÏü�þ .
Definition 3.1 � Circuit �$þ with output �/þ is called û -valuedsafereplacementof

circuit ��ý with output ��ý if f for any input sequence� , ��ý	��

����� covers �/þ���

����� .
(Thatis, when ��ý hasabinaryvalue,then �/þ musthave thesamebinaryvalue.)

� Circuits ��ý and �$þ are3-valuedequivalent, written ��ý�� ÿ�� �$þ , if f for any input
sequence� , ��ý���

�����oÿ��/þ���

����� .
The values ��������������������� ������

��
!��" for the output pair ����ý#���/þ�� are called û -

valuedequal-pairs of ��ý and �$þ ; in this case, �%$�&	'�( is in û -valuedequal-state.
Theremainingpairs ��������� ������������������

����������

��� ��")��������
!����������
!��" arecalled û -
valueddiffer-pairs, and �%$�&	'�( is in û -valueddiffer-statein this case.

An input vectorsequence� suchthat ����ý���

���������/þ���**þ	�������,+-��������� ��������������"
is calledapartial testfor ��ý and �$þ in [HCC01] (thisdefinitionis not symmetric).
Note that sucha � brings �%$�&	'�( from state 
 into a û -valueddiffer-state. When
**þ$ÿ.
 , � is alsocalleda testsequence(for stack-at-falsefor �/$�'�( ).

To checkfor û -valuedsafereplacement,the authorsproposeto usean ATPG
solver in thefollowing way:

The backward justificationfor the �/$�'�( ÿ0� (on �%$�'�( ) stopswhenever oneof
thefollowing two conditionsis satisfied:

� (Unjustifiablecondition): All staterequirementsgeneratedduring thesearchof
apartialtestsequenceareprovenunjustifiable.Then �$þ is û -valuedsafereplace-
mentof ��ý .

� (Justifiedcondition): A staterequirementthatdoesnothaverequirementson ��ý
is reached.Thenapartialtestsequencehasbeenfound,and �$þ is nota û -valued
safereplacementof ��ý .
Similarly, û -valuedequivalencecanbedisprovedby generatingastaterequire-

menthasnorequirementson ��ý or on �$þ . And û -valuedequivalencecanbeproved
by showing thatall thosestaterequirementsthataregeneratedwhile searchingfor
apartialtestfor ��ý and �$þ andfor a partialtestfor �$þ and ��ý , areunjustifiable.

Theabove algorithmneedsa terminationcriterion,basedon somesort of ‘di-
ameter’or afix-point, to becomplete.For example,let both ��ý and �$þ benegated

4
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Fig. 2. ? -valuedinequivalentcircuits.

latches,@BA and @DC , with control E (likethecircuit F in Example2.1). Then F%G�H�I/J K�L�M)N
will dependon variables@BA�J K�N and @DC�J K�N for any M , andneitherof the two stopping
conditionswill ever be satisfied. Thus the algorithm will report ’INDETERMI-
NATE’ whena time limit will bereached.

Thereis alsoanotherreasonwhy the above algorithmis not complete: If an
inputvectorsequencethatcanbring F%G�H�I from O stateto adiffer state(with outputP

) exists,a partial testfor F%G�H�I that thebackward justificationalgorithmabove is
looking for maynot exist:

Example3.2 Considertwo circuits FQA and FRC (seeFigure2), eachconsistingof
a singlelatch with clock signal S , with patternsay S<T P L�E�L P L�E�L	U	U	U . The input
of the first latch is constantE , while the input of the other latch is V�CWOYX ZYV�C .
Startingfrom the O state,V6A behavesas V6A%T�O[L�E�L�E�L	U	U	U , and V]\ behavesas V�C�T
O[L�O[L�O[L	U	U	U . Thusthesecircuitsarenot ^ -valuedequivalent(and FRC is not ^ -valued
safereplacementof FQA ). However, V/G�H�I cannever become

P
if it startsoperation

from anon-
P

state(theonly two concretizationsof thesequenceV�CRT_O[L�O[L�O[L	U	U	U
are V�C,T`E�L�E�L�E�L	U	U	U and V�C�T P L�E�L�E�L	U	U	U ), thusa partial testdoesn’t exist for FQA
and FRC .
Remark 3.3 Theaboveexamplewaspointedoutto usasa counter-exampleto (the
sufficiencypart of) Lemma2 of [HCC01], which statesthat FRC is a ^ -valuedsafe
replacementof FQA iff there is no partial testfor FQA and FRC . While webelieve the
aboveexampleis notacounter-exampleto Lemma2of [HCC01] C , thecorrectness
of the lemmadoesnot affect thecorrectnessof theabovealgorithmor our results
below, andwewill not elaborateon this issuefurther (it goesbeyondthescopeof
thispaper).

Notethat,intuitively, work with O valuesin acircuit correspondsto work with
QBFs (QuantifiedBooleanFormulas): latch valuesare universallyquantifiedin
a predicateexpressinga stop condition in the ATPG procedureabove. Abdulla
et al [ABE00] investigatedways to simplify QBF translationinto quantifierfree

a
The authorsstatethat they usean enhancedb -valuedlogic simulationin Lemma c ; suchsim-

ulation is basedon approximatingb -valuedsimulationby c -valuedsimulation,thusassumesonly
binaryvalueson inputsaswell asinitial valuesof latches(seealsoExample4.1). In thealgorithm
however they usetheusual b -valuedsimulation.

5
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propositionalformulaeto facilitateSAT solverson QBF, for the purposeof SAT-
basedmodelchecking.Herewe pursuea differentpath: To developa SAT-based
verificationalgorithmfor l -valuedequivalencechecking,we considera dual-rail
encodingof theternaryvalues.In thenext section,we give a brief introductionto
thesubject.Wewill laterexplainwhy thisapproachcanworkwell with certainSAT
solvers,and how it canbe extendedto verifying sequentialequivalencewithout
initializationwith respectto otherusefulconceptsof sequentialequivalence.

4 Verification using dual-rail modeling of circuits

Dual-rail modelingof circuits was introducedby Bryant [Bry87]. It was used
in [BS94] to enablea moreprecisemodelingof circuit operation,and to enable
representationof all ternaryvalueswith BDDsvia abinaryencoding.It resultedin
amoreefficient symbolicsimulator, asmorecomplex behaviors couldbemodeled
with asinglesimulationrun. Wereferto [SB95,Jon02] for moreinformation.

Eachternaryvalue m is encodedasa pair of binary values nBm�o>pqm�rDs , calledthe
high andthe low values.Theundefinedvalue t is encodedasa pair t�uvn�w�p�w�s .
The truth constantsareencodedby wvuxn�w�p�y s and yzuxn�y�p�w�s . The pair {zu
n�y�p�y s encodesacontaminatedor over-specifiedvalue.To avoid any confusion,we
usey,|~} , wQ|~} , and t�|~} to denotethedual-railencodingof w�p�y and t , respectively.
And m |~} u`nBm�o>pqm�rDs will denotethedual-railencodingof a ternaryvariablem .

Sequentiallogic canbeexpressedby usingBooleanlogic connectivessuchas� p�� , and � , anda phase-delayor next stateoperation,� . Thusin orderto model
sequentiallogic in dual-rail, it is enoughto have dual-rail rules for theseopera-
tions. We overloadtheselogic connectivesto denotethe correspondingdual-rail
counterpartsaswell. Thesedual-rail rulesareasfollows: Let � |~} uzn���o>p���rDs and� |~}%u`n � o>p � r�s bedual-railencodingof ternaryvariables� and � . Then
� n���o>p���r�s � n � o>p � r�s�u`n���o � � o>p���rD� � r�s ;� n���o>p���r�s��
n � o>p � r�s�u`n���o�� � o>p���r � � r�s ;� ��n���o)p���rDs�u`n���rBp���o�s ;� n���o>p���r�s~��u�n��W�o p��W�r s .

Thusa dual-railNSFis a pair of NSFsof thehigh andlow values.We denote
by � |~}�� � p��)� the unrolled,to depth � , dual-rail sequentialinstance,anddenoteby� |~}�� � p��)� thevalueof � in thatinstance(cf. definitionof � � � p��)� in � � � p��)� .

Example4.1 Let uscompute� |~}��Y� � � |~} for � |~} u�t |~} , asin Example3.2:

6
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.

Wecanseethatdual-railcomputationcorrespondsto usual ± -valuedlogic. ²
To ensurethat in a sequentialinstancethe inputsarealwaysbinary, oneneeds

to add, for any input variable ³ , an assumption³�´ ¤µ¬ ³�¶ . This in particularwill
guaranteethatwedo not introduce

¦�·�¨�· ©
valuesin theinstance.Further, if

¦�·�¨�· ©
valuesare not introducedin assumptionsor in proof obligations,the NSFscan-
not introducethemeither (becausethe above four operationscannotresult in an¦�·�¨�· ©

valueif theargumentsarenot over-constrained).Thus,for example,over-
constrainedvaluesshouldnot appearin a satisfyingassignmentfound by a SAT-
solver. An appearanceof

¦�·�¨�· ©
in a satisfyingassignmentindicatesa bug (in the

designor in the tool), that is why we don’t addto the instanceanassumptionfor-
biddingover-constrainedvalueson all variables.

Wedemonstratedual-railcomputationon anotherexample:

Example4.2 Let ¸ bea circuit asin Example2.1. Then ¹»º½¼�¾ ¦ ¸ © consistsof four
NSFs: ¿�À´ ¤Á¦�Â À´ ª,Ã À´ ©�­
¦�Â À¶ ª ¿D´ ©Ä¤ ¿D´ , ¿�À¶ ¤Á¦�Â À¶ ­�Ã À¶ ©«ª¯¦�Â À´ ­ ¿D¶ ©Ä¤ ¿D¶ , Å/À´ ¤ ¿�À¶ , and
Å/À¶ ¤ ¿�À´ . Besides,we assumethat

Ã
, as an input, is always binary, by addingÃ ´ ¤.¬ÆÃ ¶ asanassumptionto ¹»º½¼�¾ ¦ ¸ © .

Dual-rail modelingis currentlyusedin an alignability verificationengine,In-
sight,in theformal verificationgroupat Intel. Despitethedoublenumberof vari-
ables,experimentalresultsshow that the dual-rail implementationis Ç6ÈÊÉ�Ë faster
thanasingle-railimplementationbasedontheinitializationflow reportedin [RH02].
Among other factors,this is due to the fact that the dual variables‘behave sim-
ilarly’, andour SAT solver canexploit this similarity without a significantover-
head[KR03]. For example,SAT solversbasedon the saturation method[SS00]
areknown to performwell whentherearemany equivalent(up to negation)vari-
ablesin theinstance.

5 A SAT-basedmethod for checking Ì -valuedequivalence

In this section,we show how theBMC algorithm[BCC99,BCCFZ99] andthe in-
ductionmethod[SSS00] canbeadaptedto enableverificationwithouta resetstate,
by usingthe dual-rail state

�
asan initial state. Unlike the original ATPG based

Í
With enhancedÎ -valuedsimulationasin theproofof Lemma2 of [HCC01], weget Ï,Ð ÑÓÒÔÏÖÕ×
, sinceØ�Ð ÑÓÒ!ØÙÕ × Ð ÑÓÒ × Õ × .

7
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algorithmof Huanget al [HCC01], our algorithm is (soundand)complete. We
will alsoseethat a moredirect encodingof the ATPG algorithminto SAT based
dual-railformalismresultsin anincompletealgorithm.

Algorithm 1 describesour â -valuedequivalenceverificationprocedurewithout
a resetstate.

Algorithm 1 SAT-basedalgorithmfor â -valuedequivalenceverificationw/o reset
state

1: Check â -valuedequivalenceof ã6ä and ã�å½æ
2: Createadual-railsequentialinstancecorrespondingto ç%è�é	ê�ë ;
3: Bind to ì highandlow latchvaluesin phaseí ;
4: Add proof obligationexpressingã/è�é	ê�ëqî ë=ï ìQî ë ;
5: Apply acompleteSAT-basedmethodto theinstance;
6: if acounter-exampleis generatedthen
7: Report’DIFFER’ andEXIT ;
8: end if
9: if theproof obligationis provedthen

10: Report’EQUAL’ andEXIT ;
11: end if
12: elsereport‘INDETERMINATE’ andEXIT ;
13: ð

Theorem 5.1 Algorithm 1 is a soundand completeprocedure for checking â -
valuedequivalence.

Proof. The situationswhenthe proof obligation can be falsified are exactly the
situationswhere thepair ñ�ã6ä#ò�ã�å�ó is a â -valueddiffer-pair:

ñ�ã6äôî ë ò�ã�åqî ë óRõöæ�ñ�ìQî ë ò�÷,î ë ó�ò�ñ�÷,î ë ò�ìQî ë ó�ò�ñ�ø�î ë ò�ìQî ë ó�ò�ñ�ø�î ë ò�÷,î ë ó�ò�ñ�ìQî ë ò�ø�î ë ó�ò�ñ�÷,î ë ò�ø�î ë ó�ð)ù
Thusthe algorithm returns’DIFFER’ exactly when çQäûú üý�þ�çRå , and the counter-
examplebrings ç%è�é	ê�ë fromstateø to a â -valueddiffer state. Bythesameargument,
the algorithm returns ’EQUAL’ iff çQäqüý�þ�çRå . (Only) in casethe run terminates
withoutresolvingtheinstance, thealgorithmreturns’INDETERMINATE’. ÿ

In Algorithm 1, wemainly useinductionbasedalgorithms[SSS00], sincethey
performbetterwhena full proof is sought. (We usethe BMC basedmethodsin
algorithmsthat requireinitialization – the counter-examplesbecome(part of) the
initializing or synchronizingsequences[RH02,KR03].) We recall briefly that in
theinductionmethod,unrollingwith increasingdepthsis performed,till acounter-
example(to the proof-obligation)is found, or inductionstepcanbe proved (see
also[BC00] for a nicedescriptionon why a simpleinduction,with depth � , is not
enough). In [SSS00], terminationconditionsfor inductionsteparepresentedthat
reflectbothforwardandbackwardstatespacetraversalmethods,thusouralgorithm
alsocanbemadeforwardor backward(or combined),dependingonwhichkind of
inductionis used.

8
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A direct encodingof the ATPG algorithmof [HCC01] into SAT-basedmodel
checkingproblemwouldcorrespondto� Consideringthesetof (combined)stateswhereall latchesof ��� or all latchesof

��� arein state����� asthesetof initial states;� Consideringthestateswhere ��� � � ����!#"���� asthebadstates;� And applyingthebackwardinductionschemeof [SSS00].

Counter-examplesfoundbysuchanalgorithmwouldbethecorrectones,but theal-
gorithmwould misscounter-examplesin situationslike in Example3.2. We there-
foreabandonthis algorithmin favor of Algorithm 1 above.

6 Verification with respectto other conceptsof equivalence

In this section,we commenton the applicability of our methodsfor equivalence
checkingwith respectto someotherconceptsof equivalence,namelysteady-state
equivalenceandalignabilityequivalence.

6.1 Verifyingsteady-stateequivalence

We recall definition of steady-stateequivalencefrom [KMH02]. In steady-state
equivalence,we comparetheoutputsonly in time phaseswherebothoutputshave
binaryvalues.Valuesin othertime phasesaredon’t cares.Thuscircuits that are$
-valuedequivalentarealsosteady-stateequivalent,but not viceversa.

Definition 6.1 ([KMH02])� An input vectorsequence% is calleda steady-statesequencefor a circuit � if�'&(�*)+%-, is binary.� Circuits ��� and ��� with outputs ��� and �.� are called steady-stateequivalent,
written ���0/!21(1 ��� , if f for any input sequence% thatis a steady-statesequencefor
both ��� and ��� , ���3&(�*)+%-,4!5�.�.&(�*)+%-, .
In orderto developa verificationprocedurefor verifying steady-stateequiva-

lencewithout a resetstate,we cansimply changethe proof obligation in Algo-
rithm 1 to the following one: &7698(:<;�=?><&7���+,A@B698(:<;�=?><&7�.� ,+,DCE&7���GFH�.� , , where698(:<;�=?><&7��IJ, denotesthe propertythat ��I hasa binary value (that is, ��ILKM!ON4��ILPQ, ,8R!TS�) U .
6.2 Verifyingalignability equivalence

Werecalldefinitionof alignabilityorpost-synchronizationequivalencefrom[Pix92].

Definition 6.2 � State &(V?� ) V3� , of thecombinedcircuit �W�9X3� � is anequivalentstate
if for any input sequence% , ���Y&(V?� )+%-,Z![�.�?&(V3�3)+%-, . \

]
The conceptsof equal-anddiffer-statesshouldnot be mixed with equivalentand inequivalent

states.In this definition,all statesarebinary.

9
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f A binaryinput sequenceg is analigning sequencefor a combinedstate h(i?j k i3l m

of nWo9p3q(r if it brings nWo9p3q(r from state h(i?j k i3l m into anequivalentstate.f Circuits n�j and n�l arealignable, written n�j+st�uwv p�n�l , if every stateof nWo9p3q(r has
an aligning sequence(or equivalently, there is a sequence,called a universal
aligningsequence, thatalignsany stateof nWo9p3q(r ).

Lemma 6.3 (i) If circuits n�j and n�l are synchronizableand n�j0st2x(x n�l , then
n�j styuwv p�n�l .

(ii) If n�j st�uwv p�n�l , then n�j st x(x n�l .
Proof.

(i) Let n�j and n�l besteady-stateequivalent.Considersequenceg that synchro-
nizesboth n�j and n�l , sayinto a statepair h(i?jzk i3l m . Thenfor any sequenceg<{ , theconcatenationof g and g<{ is a steady-statesequence, thus g<{ endsin
a state h(i { j k i { l m where |�j and |.l haveequalbinary values.Thus h(i?jzk i3l m is an
equivalentstatepair, implyingthat n�j st�uwv p�n�l .

(ii) Now let n�j and n�l be alignable. Supposeon the contrary that n�j and n�l
are not steady-stateequivalent.Thenthere is a steady-statesequenceg that
bringsanystateinto a differ state(with outputsdifferentbinaryvalues).Such
a sequencecandistinguishanypair of states,thus n�j and n�l do not havean
equivalentstatepair, andthey cannotbealignable– a contradiction. }

Alignability equivalenceis a widely usedconceptof equivalence.Therefore,
to show the importanceof our methods,it is importantto clarify the relevanceof
ourmethodsfor alignabilityequivalenceverification.Indeed,thereareanumberof
waysallowing to infer alignabilityor non-alignabilityof circuitsby usingthemeth-
odsof checkingsteady-stateor ~ -valuedequivalencepresentedin theearlysections.
Wementiona few of them,basedon theabove lemmaanda resultin [HCC01].f If our steady-stateverificationalgorithmprovescircuits n�j and n�l inequivalent,

then it returnsa counter-example g�� that brings nWo9p3q(r from state � to binary
differ-state.Sucha sequenceg�� is actuallya universalcounter-exampledemon-
stratingthat n�j��st�uwv p�n�l (asit candistinguishany pair of statesof n�j and n�l ).f If on the other hand n�j st x(x n�l , then from the SAT procedureproving this, it
is possibleto extract informationwhetherthe part �9�(�<���?�<h7|�j+mw�2�9�(�<���?�<h7|.l m be-
comestrue in somephase.Sucha proceduredependson theparticularstrategy
usedto resolve thesequentialinstance,andgoesbeyondthescopeof this paper.
(Of courseinitializability of n�j and n�l canbe checked separately.) If yes,we
have actuallyproven n�j st�uwv p�n�l aswell. If not, we cannotclaim n�j�� st�uwv p�n�l ,
assynchronizingbut not initializing sequencemay exist that brings nWo9p3q(r into
anequivalentstate.For suchnot ~ -valuedinitializable circuits [HCC01] weuse
a formal initialization method,briefly discussedin [RH02], to find an aligning
sequencewhenit exists.f It is shown in [HCC01] that if both n�j and n�l are initializable, then n�j st��9n�l
implies n�j+st�uwv p�n�l . Actually, it is enoughto show that one of the circuits is

10
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Steady-stateequivalence Alignability equivalence

Ckt #L #G Pass Probl. Time(sec.) Pass Probl. Time(sec.)

�Z�
712 7838 9 0 1067 9 0 1106�R�
1208 38259 0 1 1331 0 1 1728�R�
100 1202 28 0 1128 28 0 2701

�-�
826 6260 7 1 2697 6 2 3921

�R�
154 1730 35 0 2008 35 0 3251

Total 79 2 12707 78 3 8231

Table1
Comparisonof performance(#L latches,#Ggates).

initializableandtheotheroneis its � -valuedsafereplacement[HCC01].� Since � -valuedequivalencerequires� � and � � to matchin all time phases,the
abovesufficientconditionmaynotbepracticalto infer alignabilityfrom � -valued
equivalence.Instead,a ( ��� ) delayed� -valuedequivalencecanbeused,which
requires � � and � � to matchfrom phase� onward. Still, usageof delayed � -
valuedequivalencein proving alignability is limited.

7 Experimental results

We have implementedAlgorithm 1 andits modifiedversionfor checking� -valued
andsteady-stateequivalences.Most of our circuits areresetable,thusin practice
thisalgorithmsperformsalignability checkaswell.

Experimentsreportedbelow wereperformedon550MHzdualCPULinux ma-
chinewith 2GB memory. A timeoutof �� �  secondswasusedin the SAT solver.
Experimentalresultsshow that saythe steady-stateequivalencealgorithmis ¡�¢¤£.¥
fasterthan a dual-rail alignability equivalencealgorithm that first performssyn-
chronizationof the specificationand implementationcircuits (seeTable1; there,
numbersof latchesand gatesrepresentan averageper output). And as already
mentioned,the latter in turn is ¡�¢¤£.¥ fasterthana correspondingsingle-rail imple-
mentationof alignability checkingengine(despitethe fact that dual-rail model-
ing requirestwice as much NSFs)[KR03]. Furthermore,the counter-examples
returnedby the steady-stateenginearein average¦.¥ shorterthanthosefoundby
the alignability engine,which is muchmore important(for debugging) than the
above reportedspeed-up(seeTable2, wherecircuits § �

– §A¨ containloops,while
circuits §�© – § �J�

areloop-free;all datais givenpersingleoutputs).

11
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Steady-stateequivalence Alignability equivalence

Ckt #L #G len Ckt #L #G len Ckt len Ckt len

²�³
526 2509 9 ´Rµ 151 1747 4 ´ ³

21 ´Rµ 8

´R¶ 18 160 6
²�·

173 2037 6 ´R¶ 8 ´ ·
8

´R¸ 18 92 6 ´ ³7¹
107 1263 6 ´R¸ 11 ´ ³7¹

12

´-º 18 415 4 ´ ³�³
112 1317 6 ´-º 5 ´ ³�³

9

´R» 24 207 4 ´ ³ ¶ 67 744 4 ´R» 6 ´ ³ ¶ 9

´R¼ 25 1121 8 ´ ³ ¸ 57 619 4 ´R¼ 10 ´ ³ ¸ 10

´¾½ 704 7660 11 ´ ³ º 98 726 3 ´¾½ 65 ´ ³ º 6

Total 81 188

Table2
Comparisonof counter-examplelength(#L latches,#G gates,len = CEX length).

8 Conclusions

Thusfar, SAT-basedverificationmethodshave beenmainly concentratedon prop-
ertychecking,andfor thegoodreason:It is well understoodthatcircuit equivalence
verification can be performedby the model-checkingof propertiesthat express
equivalenceof thecircuit outputs.Indeed,in thiswork, wehavedemonstratedhow
SAT-basedmethods(suchasthe BMC or the inductionmethod)canbe usedfor
proving sequentialequivalencein accordancewith a numberof importantsequen-
tial equivalenceconcepts.

In particular, we have developedSAT-basedverificationmethodsfor verifica-
tionof sequentialcircuitswith respectto ¿ -valued,steady-stateand(partly)alignabil-
ity equivalence.Thenovelty of ourapproachis thatit doesnot requirea resetstate.
Instead,we canusethe undefinedstateasa resetstate,after encodingthe latter
into a binary representation.Unlike the ATPG-basedmethodof [HCC01], from
which our approachemerged, our algorithmsfor checking ¿ -valuedand steady-
stateequivalencearecomplete.We hopethatour work shedsfurther light on the
relationshipbetweentheATPG-andSAT-basedsequentialverification.

An advantageof our approachis that the verificationprocedurebecomesrel-
atively simple conceptually, thus it is easyto implementand maintain it. Our
methodcomplimentsearliermethodsfor whichsynchronizationis anessentialpart
of verification,asour algorithmsoutperform(in a numberof dimensions)similar
algorithmsthat needto computeresetstates.Clearly, this doesnot decreasethe
importanceof initialization basedmethods.In particular, synchronizationmethods
wheninitializing sequencesdonot exist areindispensable.

Actually, becauseof the importanceof shortcounter-examplesfor debugging
at earlystagesof design,steady-stateverificationis enteringa default flow in our

12
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verificationmethodology, whichwaspreviouslybasedoninitialization. Weremark
alsothattheability to find counter-examplesquickly is importantin theframework
of modelabstractionrefinement(seee.g.[CGJLV00]). There,becauseoneworks
with prunedmodels,thereis a higherprobability of (false)negatives,till a right
pruningis found.And synchronizationcanbecheckedoncorrectlyprunedmodels
only, whentheprunedmodelsaresteady-stateequivalent.

Despitetherapiddevelopmentandsuccessof SAT-basedmodelchecking,there
is still a long way to go. As an example,we mentionthat, on loop-freecircuits,
SAT-basedequivalencemethods(bothwith or without initialization) performvery
poorlycomparedto themethoddevelopedin [KMH02] for loop-freecircuits.Both
steady-stateandalignability checkstime out after thousandsof secondson tests
thatcanbeverifiedin lessthanaminutewith themethodin [KMH02]. SAT-based
modelcheckingwill profit from thedevelopmentof alternativewaysof translating
model-checkingproblemsinto SAT problems.

Acknowledgments WethankR. Fraer, A. Jas,D. Kaiss,J.Moondanos,A. Rosen-
mannandG. Wolfovitz for careful reading,andShi-Yu Huangfor clarifying the
subtletiesof hisATPGmethodfor checkingÈ -valuedequivalence.
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A Satisfiability-BasedApproachto Abstraction
Refinement in ModelChecking

ð

Bing Li ñ ChaoWangò FabioSomenzió
University of Coloradoat Boulder

Abstract

Wepresentanabstractionrefinementalgorithmfor modelcheckingof safetypropertiesthat
reliesexclusively on a SAT solver for checkingtheabstractmodel,testingabstractcoun-
terexampleson theconcretemodel,andrefinement.Model checkingof theabstractionsis
basedon boundedmodelcheckingextendedwith checksfor theexistenceof simplepaths
thathelpin decidingpassingproperties.All minimum-lengthspuriouscounterexamplesare
eliminatedin onerefinementstepby a procedurethatcombinestheanalysisof theconflict
dependency graphproducedby theSAT solverwhile lookingfor concretecounterexamples
with aneffectiveabstractionminimizationprocedure.

1 Intr oduction

Model checking[CGP99] is analgorithmic approachto theverificationof proper-
tiesof reactive systems,which hasbeensuccessfully appliedto bothhardwareand
software. Sincemodelcheckingentailstheexploration of a potentially very large
statespace,the alleviation of the so-calledstateexplosionproblemhasbeenthe
objectof muchresearch.On the onehand,techniqueshave beendevelopedthat
allow modelswith hundredsof statevariablesto beanalyzeddirectly. On theother
hand,abstractionhasbeenusedto allow themodelchecker to draw conclusionson
theoriginal,concretemodelby examiningasimpler, abstractone.

For systemswith many statevariablesandmany transitions, thesymbolic ap-
proachhasprovedcrucial. In symbolicmodelchecking,setsof statesandtransition
aredescribedby theircharacteristicfunctions.Variousformsof representationhave
beenusedfor thesefunctions,the mostpopularbeingBinary DecisionDiagrams
(BDDs) [Bry86], andConjunctiveNormalForm (CNF).
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ClassicalBDD-basedmodelchecking[McM94] is basedon the computation
of fixpoints. For instance,the reachablestatesof a model are computedas the
leastfixpoint of the function C3DFE�GIHKJ�L�M*M'NODQP , which addsthe successorsof the
statesin D to theinitial states.Both thesetof statesandthesuccessor relationare
storedasBDDs. Thefixpoint computationconvergesin anumberof iterationsthat
equalsthemaximumdistanceof a reachablestatefrom theinitial states.Checking
for convergenceis madeeasyby the strongcanonicityof BDDs (identical sets
sharethe samerepresentation). BDD-basedmodelcheckingcanthereforeprove
propertiesalmostaseasilyasit candisprove them.

BoundedModel Checking(BMC) [BCCZ99], on the otherhand,formulates
thereachabilitytestasa seriesof satisfiability(SAT) checksfor pathsof bounded
length. (To seeif a pathof length R to a setof statesexists, the transitionrelation
is unrolled R times.) For finite systemstheprocessmusteventuallyterminate:the
lengthof theshortestpathbetweentwo statescannotexceedthenumberof states.
Hence,if nopathis foundwith lengthupto thenumberof states,thetargetstatesare
known to beunreachable.This observation,however, doesnot helpfor thekind of
modelsthatoneencountersin practice.Thediameterof thestategraphwouldgive
amuchbetterboundon R , but, unfortunately, it is hardto compute [BCCZ99]. For
this reason,BMC hascometo beregardedasanexcellentdebugging (asopposed
to verification) technique.That is, classicalBMC is particularlyadeptat finding
counterexamples,but ill-suited to prove their absence.

The ability demonstrated by BMC to deal with modelsbeyond the reachof
BDD-basedmethodshassparked interestin theuseof CNF andSAT for proof as
well asrefutation. Two mainapproacheshave beenpursued:The replacementof
BDDswith CNFformulaein thefixpoint computation [ABE00,WBCG00,McM02],
andthedevelopmentof moreeffective termination criteriafor BMC.

Theopportunity of replacingBDDs with CNF formulaecanbearguedon the
groundsthatcanonicityof representationmakesBDDssomewhatinflexible. Hence,
somefunctions thatadmitcompactrepresentationsin CNF have exceedinglylarge
BDDs. However, the inflexibili ty argumentcan also be usedagainst CNF, and
memoization techniquesaremoreeffective for BDDs. In fact,to date,CNF-based
fixpoint computation hasnot demonstrateda consistentadvantageover theclassi-
cal BDD-basedone. Onemayarguethat themainreasonfor thesuccessof BMC
in finding counterexampleslies in its avoidanceof the needlesscomputationand
storageof reachablestatesthatarenoton theerrortrace.

Severalproposalshave beenmadeto improve BMC’s ability to prove thenon-
existenceof a path. It is straightforward to checkfor inductive invariants,sinceit
only entailscheckingfor theexistenceof a transitionfrom a statethatsatisfiesthe
invariant to onethat doesnot. An extensionof the inductive approachhasbeen
presentedin [SSS00], in which terminationoccursassoonasthelengthof thepath
reachesthe lengthof the longestsimplepath from an initial state,or to a target
state.A recentpaper[McM03] proposestheanalysisof theunsatisfiableformulae
to allow terminationwhenthereversesequentialdepthof themodelis reached.

Early termination in BMC requiresadditionalchecksbeyond the onefor the
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existenceof pathsof certainlengths.Thesecheckstranslateinto moreclausesin
the CNF formulaewhosesatisfiabilityhasto be established.For the approachof
[SSS00], thenumberof extraclausesis quadraticin thelengthof thepath.As are-
sult,it is notsurprisingthatfindingcounterexamplesis slowerthanwith pureBMC.
Theextracost,however, appearsto beworthpaying,sinceit increasessubstantially
thefractionof passingpropertiesthatcanbedecided.Unfortunately, thereremain
instancesfor whichtheadditional terminationtestsaretooexpensive. Considerthe
modelillustratedin Fig. 1. It hass	tvuFs states,oneof which is initial (w ). The tyxzs
states{�|	}�~��/�/�*�/�/{ |)��� arethe(unreachable)targetstates.Thelongestsimplepath
from theinitial statehaslengtht�u�� , while thelongestsimplepathto atargetstate
thatdoesnotvisit any othertargetstatehaslengthtyxzs ; thereversesequentialdepth
of themodelis alsot�x�s . Hence,themethodsof [SSS00,McM03] will have to con-
siderpathsof length tyxzs beforethey candeclarethetargetstatesunreachable.By
contrast,theforwardsequentialdepthis 2.

Fig. 2 shows an abstractionof the modelof Fig. 1. Statesw , ��� , � , and {��
areabstractedby � , �d� ~ � }�|*� , � , and �'� ~ � }�|*� , respectively. The target stateremains
unreachablein this model,andtheforwardsequentialdepthis still 2; however, the
longestsimplepathandthesequentialdeptharereduced.Thoughin generalthere
is noguaranteethatabstractionwill shortenor evennot lengthenthelongestsimple
paths,or theshortestpaths,thisexampleillustrateshow abstractionmayhelpBMC,
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especiallyfor passingproperties.
AbstractionandBMC havebeencombinedin morethanonerecentwork, espe-

cially in thecontext of abstractionrefinement.In abstractionrefinement[Kur94],
onestartswith a coarseabstractionof the given,concretemodelandkeepsrefin-
ing it until the propertyis decided. For universalpropertieslike the reachability
properties thatarethe focusof this paper, this oftenmeansthat theabstractmod-
els simulatethe concreteone [Mil71], and that either the property is shown to
hold on an abstractmodel,or a counterexampleis found in the concreteone. In
[WHL � 01,CGKS02,CCK� 02,WLJ� 03] BMC is usedto checkwhethercounterex-
amplesfound in the abstractmodelscanbe concretized, that is, whethera coun-
terexamplecanbe found in the concretemodelthat is mappedby the abstraction
onto the abstractcounterexample. The first threeof thesemethodsalsoanalyze
the failed concretizationtest to guide the refinement. Therefore,they represent
instancesof counterexample-guidedabstractionrefinement. On the other hand,
[WLJ� 03] analyzestheabstractmodelto decidehow to refineit. Yet anotherap-
proachis theoneof [MA03], in which theabstractmodelis derivedfrom a failing
BMC run on theconcretemodel.This reversalof thecustomaryorderis attractive
for thosefrequentcasesin which pathsof moderatelengthcanbeeasilychecked
on theconcretemodel.

Onecommontrait of theapproachesto abstractionrefinementmentionedsofar
is theapplicationof aBDD-basedmodelcheckerto theabstractmodels,andof SAT
solversto theconcreteones.By contrast,theobjective of this paperis to explore
whatcanbeachievedwith a SAT solver astheonly decisionprocedurein theab-
stractionrefinementframework. Therationalefor combiningBDDsandSAT is that
eachis well-suitedto the taskassignedto it: TheSAT solver is goodat checking
theexistenceof a pathof a givenlengthin a largemodel,whereastheBDD-based
modelchecker is betterat proving theabsenceof certainpaths,regardlessof their
lengths,in a modelof moderatesize. This observation is certainlywell motivated
whenoneregardsthe modelsfor which abstractionrefinementresultshave been
reportedin theliterature;their sizesrarelyexceed1,000binarystatevariables.As
themodelsgrow larger, however, we expectanapproachpurelybasedon SAT to
becomemorecompetitive. Therefore,ourgoalis to eventuallybeingableto switch
betweenBDD-basedmodelcheckingandSAT-basedtechniquesfor theanalysisof
theconcretemodel.In thispaperwereportonasignificantstepin thatdirectionby
presentinganalgorithm for abstractionrefinementthatis purelybasedonSAT.

Our approachis similar to the onesdiscussedso far in the fact that abstrac-
tionsareobtainedby removing partof thestatevariablesof themodel;refinement
thenconsistsof reinstatingsomeof theremovedvariables.Thealgorithmhasthree
major components:the decisionprocedurefor the abstractmodel is the one of
[SSS00], which hasalreadybeenmentioned.Thesecondcomponent—thechoice
of therefinement—combineselementsof [WLJ� 03] and[CCK� 02]. Like thefor-
mer, it addressesall theabstractcounterexamplesatonce;likethelatter, it analyzes
theconflictdependency graphof thefailedconcretizationtestto deriveasetof can-
didatestatevariablesfrom which theonesthatwill beaddedto theabstractmodel

4
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arechosen.Finally, the third componentis a heuristicprocedurefor abstraction
minimization. This minimizationis quite important in our approach,becausethe
simultaneouselimination of all spuriouscounterexamplesof a certainlengthtends
to generatelarge setsof candidatevariables. Our experimental evaluationof the
SAT-basedabstractionrefinementalgorithmcomparedit to both BMC (with and
withoutearlyterminationchecksfor passingproperties)andto thebestabstraction
refinementalgorithmavailableto us[WLJ« 03]. Theresults,discussedin Section4,
show thatthenew approach,thoughnotuniformly superior, is morerobustthanthe
others,andis especiallypromisingfor themorechallengingproblems.

2 Preliminaries

Let ¬®­®¯	°h±³²/´*´/´/²�°zµh¶ bea set.We designateby ¬¸· theset ¯	°'· ± ²/´/´*´/²�°'·µ ¶ consisting
of the primedversionof the elementsof ¬ , andby ¬¸¹ the set ¯	°�¹ ± ²/´*´/´/²�°�¹µ ¶ . We
defineanopensystemasa4-tuple

º ¬�²/»¼²�½¾²�¿�À¼²
where ¬ is thesetof (current)statevariables,» is thesetof combinationalvari-
ables,½�ÁO¬ÃÂ is the initial statepredicate,and ¿ÃÁO¬�²/»¼²/¬¸·ÄÂ is thetransitionrelation.
Thevariablesin ¬¸· arethenext statevariables.All setsarefinite, andall variables
rangeoverfinite domains.

Weassumethatthetransitionrelationis givenasthecompositionof elementary
relations.If »Å­Æ¯	ÇÃ±O²/´*´/´/²�ÇÉÈ�¶ with ÊÌËÎÍ , ourassumptionamountsto writing:

¿ÏÁO¬Ð²*»�²*¬ · Ây­ ±�Ñ ¹ Ñ�µ
Ám° ·¹ÐÒ Ç ¹ Â%Ó ±�Ñ ¹ Ñ�È

¿ ¹ ÁO»¼²/¬ÏÂ¼´ (1)

We considerthecaseof a sequentialcircuit, in which thevariablesin » areasso-
ciatedwith theprimary inputsandtheoutputsof thecombinational logic gatesof
thecircuit; thevariablesin ¬ areassociatedwith thememoryelements.Each¿ ¹ is
calleda gaterelationbecauseit usuallydescribesthebehavior of a logic gate.For
instance,if Ç ¹ is theoutputvariableof a two-input AND gatewith inputs ÇÉÔ and
°zÕ , then¿ ¹ ­ÖÇ ¹ Ò ÁmÇ¸Ô3Ó¸°zÕ7Â . If, ontheotherhand,Ç ¹ is aprimary input to thecir-
cuit, then ¿ ¹ ­Ø× . Eachtermof theform °'·¹
Ò Ç ¹ equatesa next statevariableto a
combinationalvariable.(Theoutputof thegatefeedingthe Ù -th memoryelement.)

In a sequentialcircuit, a statevariable°zÔ is saidto be in thedirect supportof
variable° ¹ (Ç ¹ ) if thememoryelementassociatedto °zÔ is connectedto thememory
element(logic gate)associatedto ° ¹ (Ç ¹ ) by a paththat goesthrough logic gates
only. Variable° ¹ is in the coneof influence(COI) of ° ¹ (Ç ¹ ) if thereis a path(of
any kind) connecting°zÔ to ° ¹ (Ç ¹ ).

An opensystemÚ definesa labeledtransitionstructurein theusualway, with
statesÛlÜ correspondingto thevaluationsof thevariablesin ¬ , andtransitionlabels
corresponding to thevaluationsof thevariablesin » . Conversely, a setof statesÝßÞ ÛlÜ correspondsto a predicate

Ý Áà¬ÃÂ or
Ý ÁO¬ · Â . Predicate

Ý ÁO¬ÃÂ (
Ý ÁO¬ · Â ) is the

5
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characteristicfunction of î expressedin termsof thecurrent(next) statevariables.
Stateï�ðòñÉó is an initial stateif it satisfiesôöõO÷Ïø . Stateset îòùúñÉó is reachable
from stateset îöû in ü stepsif thereis a pathof length ü in the labeledtransition
structuredefinedby ý thatconnectssomestatein î¾û tosomestatein î ; equivalently
if

î û õO÷¸þ�ø%ÿ � ������� � õà÷
��� � �
	 � � ÷ � ø%ÿ¼î
õO÷ � ø (2)

is satisfiable.Stateset î is reachablefrom î û if thereexists ü¼ð�� suchthat î is
reachablein ü stepsfrom î¾û . A statesetis reachable(in ü steps)if it is reachable
(in ü steps)from ô . Whenno confusionariseswe shall identify a stateï ð ñló
with the set 
	ï�� . A finite (infinite) sequenceof states� ð®ñ��ó ( ð ñ��ó ) is a finite
(infinite) run of ý if thefirst stateis initial, andevery otherstateis reachablefrom
its predecessorin onestep.Thesetof all possiblerunsof ý is the languageof ý ,
denotedby �yõàýÉø .

A linear-time safetyproperty � of ý is a subsetof ñ �ó suchthat any infinite
sequenceover ñló not in � hasafinite prefix thatcannotbeextendedto asequence
in � [AS85]. Opensystemý satisfiessafetyproperty � if �
õàý¸ø�ù�� . Checking
the satisfaction of an � -regular safetyproperty � by an opensystem ý can be
reducedto the reachabilityproblemby composingý with an automaton��� that
acceptstheinextensibleprefixesof thesequencesnot in � . Thepropertyis satisfied
by the opensystemif no stateof the composition ý������ that projectson an
acceptingstateof ��� is reachable.In thesequelwe restrictourselvesto � -regular
safetyproperties,andassumethat thegivenopensystemalreadyincorporatesthe
property automaton.This assumptionallows usto identify thepropertywith a set
of (accepting)statesof thesystem,whichwealsodenoteby � . Hence,property �
is satisfiedby ý if thereis no ü ð � suchthat

ô�õO÷¸þ�ø%ÿ � ������� � õO÷
��� � �!	 � � ÷ � ø%ÿ#"$� õO÷ � ø (3)

is satisfiable.An invariant is a safetypropertythat statesthat a certainpredicate
holdsof all reachablestatesof ý . In this case� is thesetof statesthatsatisfythat
predicate.

Thesearchfor a ü suchthat(3) is satisfiablecanobviously berestrictedto the
range
&% �
'
'!'
�
( ñ ó (*),+ � . Hence,in theory, theprocessis guaranteedto terminate.
In practice,thenumberof statesis too largeto beof any practicaluse,andtighter
upperboundsfor ü aresought. In modelcheckingapproachesthat arebasedon
fixpoint computations[McM94,ABE00,WBCG00,McM02], the maximumvalue
of ü is providedby thenumberof iterationsneededto reachconvergence.On the
otherhand,for algorithmsthatdirectlycheckthesatisfiabilityof (3), thediameterof
thegraph[BCCZ99] or boundsobtainedfrom thestructureof thehardwaremodel
have beenproposed[BKA02]. Herewe summarizea methodproposedin [SSS00]
thatis of particularinterestto us.

A simplepath is onethat visits a stateat mostonce. If somestatein "-� is
reachable,theremustexist a simplepathfrom aninitial stateto it thatdoesnot go

6
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through any otherstatesin C or D$E . Hence,if no simplepathof length F exists
suchthatits first stateis initial andnootherstateis initial, or suchthatits final state
is in D$E andnootherstateis in D-E , then,thereis nopathof lengthgreaterthanor
equalto F connectinga statein C to a statein D$E . If in addition,thereis no path
of lengthlessthan F connectingC to D-E , then G�H IJE . Two setsof statesKML and K
areconnectedby asimplepathof length F in G if

NPO&Q K LSR KPT-IUK L QWV�X TWY Z\[�]�[ O_^ QWV
]�`_Z R!a ] R V ] TWY$K QWV O TbY X [@ced�]�[ O Zf[@gS[�h

Qji ]glkI i
cg T (4)

is satisfiable.Checkingthe two conditions above thenamountsto checkingthat
eitherof thefollowing formulaeis unsatisfiable.

NmO&Q C R!n T9Y X d�]�[ O DMC
QoV ] T (5)

NmO&Q npR D-ElT9Y X [�]�d O E
QWV ] Trq (6)

Notethatthepredicatecorrespondingto theset n is sutwv7x .
Abstractinterpretation [CC77] providesa very flexible framework for the de-

scriptionof abstraction.In thispaper, however, weconsiderthefollowing restricted
definition.OpensystemGyIUz V R a{R C R ^}| is anabstractionof G if~ V{�{V ;~ a � a suchthat

i ]�� V
implies � ]9� a ;~ C Q V TPIJ� QWV�� V T0quC QWV T ;~ ^ Q V R a{R V L T-IU� QWV,� V T�q
� Q a � a T�q
� QWV L � V L T0q ^ QWV R
arR V L T .

(Note that � ] is the combinational variableassociatedto
i L] .) Property E is the

abstractionof property E with respectto G if E Q V T-IU� QWV�� V T�q
E QWV T . If E is an� -regularsetand G satisfies(or models)E , then G satisfiesE . Thatis,

G�H I EU��G�H IUE�q (7)

This preservation result is the basisfor the following abstractionrefinementap-
proachto the verification of E . One startswith a coarseabstractionG X of the
concreteopensystem G andcheckswhether G X H I E X . If that is the case,thenG�H IUE ; otherwise,thereexistsa least F L � � suchthat

C Q V�X T�Y Z\[�]�[ OW� ^ Q V
]�`_Z R a ] R V ] T�Y#D E Q V O � T (8)

is satisfiable. The satisfyingassignmentsto (8) are the shortest-length abstract
counterexamples(ACEs). If G X kH I E X oneor more ACEs arechecked for con-
cretization. Thatis,onecheckswhether(3) hassolutionsthatagreewith theACE(s)

7
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beingchecked.Becauseof theadditionalconstraintsprovidedby theACEs,acon-
cretizationtestis oftenlessexpensive thatthesatisfiabilitycheckof (3). However,
its failure only indicatesthat the abstracterror tracesarespurious. Therefore,if
the concretizationtest fails, onechoosesa refinedabstraction��� andrepeatsthe
process,until oneof thesecasesoccurs.

(i) �P��� � �0� for some  , in whichcase��� �J� is inferred.

(ii) The concretizationtestpassesfor some  , in which caseit is concludedthat�¢¡� �£� andthesatisfyingassignmentfoundis returnedascounterexampleto� .

(iii ) Therefinementeventuallyproduces�m�m�J� . In this final case,thesatisfiabil-
ity checkof (8) answersthemodelcheckingquestionconclusively. This is an
undesirableoutcomebecausethepurposeof abstractionis defeated.

Whentherefinement�P� ¤�� of �m� is chosenwith thehelpof theinformationprovided
by the failed concretizationtest,one talks of counterexample-guided abstraction
refinement.

Theconeof influence(directsupport)of apropertyis theunionof theconesof
influence(directsupports)of all thevariablesmentionedin theproperty. Cone-of-
influencereductionrefersto theabstractionin which ¥ is theCOI of theproperty.
It is commonly appliedbeforeany modelcheckingis attempted,becauseit satisfies

��� � �U¦���� �U��§ (9)

3 Algorithm

Our algorithm is shown in Fig. 3. Initially, an abstractmodel � is computedby
collectingonly thestatevariables(called latcheshenceforth)in thedirectsupport
of the property � . The algorithm thenprogressively increases̈ from its initial
value0 until eithera counterexampleof length ¨ is found in theconcretesystem� , or it is concludedthat no counterexample exists in the currentabstractmodel.
If at somepoint, theabstractmodelbecomestheconcretemodel,theendgameis
executedasdescribedin Lines14–19.

Lines 3–13 verify the abstractmodels. First, (5) and (6) are checked to see
whetherthesimplepathconditionsaremet. If eitheroneis unsatisfiable,theprop-
erty holds,andthealgorithm terminates.Otherwise,thealgorithmcheckswhether
thereis acounterexampleof length ¨ in theabstractmodel,by checking(3) on � ; if
thereis no length-̈ abstractcounterexample,thereis nocounterexampleof length
up to ¨ in theconcretemodeleither. (This is becauseevery abstractmodelsimu-
latestheconcretemodel;hence,if thereis a realcounterexample of length ¨M©Mª£¨
in the concretemodel,theremustbe a corresponding abstractcounterexample of
length ¨M© ©pª«¨M© . Sincethe counterexample length is increasedin incrementsof
one,we would have found this counterexample before.) Sincethereis no coun-
terexampleof lengthup to ¨ (in eithertheabstractmodelor theconcretemodel),¨ is increasedby one.Ontheotherhand,if thereis anabstractcounterexamplesof
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booleanPURESAT( ¹ , º ) »
1 ¼ = 0;
2 ¹ = CREATEINITIALABSTRACTION( ¹ , º );
3 while ( ¹U½¾ ¹ ) »
4 if ( ¿ CHECKSIMPLEPATH( ¹ , º , ¼ ))
5 return TRUE;
6 if (EXISTCEX( ¹ , º , ¼ )) »
7 if (EXISTCEX( ¹ , º , ¼ ))
8 return FALSE;
9 refinement= GETREFINEMENTFROMCA( ¹ , ¹ , º , ¼ );
10 ¹ = ADDREFINEMENTTOABSMODEL( ¹ , refinement);
11 À
12 ¼ ¾ ¼ÂÁyÃ ;
13 À
14 while (CHECKSIMPLEPATH( ¹ , º , ¼ )) »
15 if (EXISTCEX( ¹ , º , ¼ ))
16 return FALSE;
17 ¼ ¾ ¼ÂÁyÃ ;
18 À
19 return TRUE;À

Fig. 3. ThePureSAT algorithm

setGETREFINEMENTFROMCA( ¹ , ¹ , º , ¼ ) »
nsVarSet= GETNEXTSTATEVARSFROMCDG( ¹ , º , ¼ );
sufficient= Ä ;
while (sufficientdoesnot kill all length-¼ counterexamplesÅ

nsVarSetis notempty) »
someNsVars= PICKVARSTHRESHOLD(nsVarSet,threshold);
sufficient= sufficient Æ someNsVars
nsVarSet= nsVarSetÇ someNsVarsÀ

RCArray= COMPUTERELATIVECORRELATIONARRAY(sufficient,¹ , ¹ );
return REFINEMENTM INIMIZATION( ¹ ,RCArray);À

Fig. 4. Therefinementalgorithm

length ¼ , (3) is checkedon theconcretemodelto seeif any concretecounterexam-
pleof thesamelengthexists. If it does,thepropertyfails;otherwise,therefinement
step(Lines9–10)is executed.

Thegoalof therefinementprocedureis to find a minimal setof latchesnot in¹ which, afterbeingaddedto theabstractmodel,cankill all thecounterexamples

9
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of thelength Õ . Our refinementalgorithmis basedoncomputingandanalyzingthe
unsatisfiablecore [GN03,ZM03] associatedwith theproof thatthereis noconcrete
counterexampleof length Õ ; hence,it is similar to theconflictanalysismethodpro-
posedin [CCKÖ 02]. However, ourapproachdifferssignificantlyfrom [CCKÖ 02]
in thefollowingaspects:

(i) Theauthorsof [CCKÖ 02] first identify a singlespuriousabstractcounterex-
ample(by usingBDD-basedmodelchecking),togetherwith its failureindex.
(I.e., thetime stepfrom which theACE is no longerconcretizablein thecon-
cretemodel.)A conflictdependency graphis built from theunsatisfiableBMC
obtainedby constrainingtheconcretemodelwith thesinglespuriousACEup
to the failure index time step. The refinementset is thencomputedby ana-
lyzing the conflict dependency graph. In our algorithm, however, we do not
usea singleabstractcounterexample to constraintheBMC instance(andwe
do not computethe failure index). Rather, an unconstrainedBMC instance
(on theconcretemodel,for pathlengthup to Õ ) is usedfor theconcretization
test;sucha BMC instancecoversall the possiblelength-Õ spuriousabstract
counterexamples.

(ii) In [CCKÖ 02], the invisible latches(thosenot currentlyin × ) areaddedto the
refinementsetif their correspondingliteralsat thefailureindex time stepap-
pearin theconflictdependency graph.In ouralgorithm, all theliterals(which
correspondto eitherlatchesor internallogic gatesat differenttime steps)ap-
pearingin the unsatisfiablecore are recordedin the SAT solver. However,
only thoseinvisible latcheswhosenext-statevariable literals(i.e., theliterals
correspondingto the input variableof a latchat a differenttime step)appear
in theunsatisfiablecoreareaddedto therefinementset. This refinementset,
whenaddedto × , is sufficient to kill all length-Õ spuriousabstractcounterex-
amples. Our algorithmfor picking refinementvariablesis shown in Fig. 4.
The original “sufficient set” (i.e., nsVarSetin the pseudocode)may or may
notbeminimal; hence,refinementminimizationis usedto getrid of theredun-
dantlatchesin therefinementsetbeforethe functionreturns.In somecases,
thenumberof redundantinvisible latchesin nsVarSetmaybetoo large,caus-
ing REFINEMENTM INIMIZATION to spendtoo muchtime. The while loop,
togetherwith a threshold,is usedto heuristically getasmaller“sufficientset”
for therefinementminimization: Eachtime,only acertainnumberof invisible
latchesarepickedfrom nsVarSet,afterwhich (3) is checkedto seeif they are
alreadysufficient.

(iii ) Ourrefinementminimizationalgorithmisalsosomewhatdifferentfrom[CCKÖ 02].
Both methodsremove redundantlatchesgreedily. Eachlatchin turn is tenta-
tively removed. If (3) remainsunsatisfiable,the remaininglatchesare still
sufficient, andthedroppedlatch is indeedredundant;otherwise,that latch is
restoredto the refinementset. In our method,the order in which invisible
latchesare removed in the minimizationprocedureis basedon the relative
correlationof eachcandidatelatchto thecurrentabstractmodel.Therelative

10
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correlationof aninvisible latchequalstheratio of thenumberof gatesin the
COI of this latchwhich arealreadyin theabstractmodeldividedby thetotal
numberof gatesin the COI of this latch. Intuitively, the larger the relative
correlationof a latch,thelargereffect it will havewhenaddedto or subtracted
from thecurrentabstractmodel.Theinvisible latchesof thecurrentsufficient
setaresortedby FunctionCOMPUTERELATIVECORRELATIONARRAY: The
onewith thesmallerrelativecorrelationis consideredof lessimportance,and
thus will be testedfor deletionearlier. In this way, we canconcentrateon
the important invisible latchesandat thesametime keeptherefinedabstract
modelsmall.

Our approachis also relatedto the one of [MA03]. Both approachescheck
all counterexamplesof a certainlenghtat onceby a model checkingrun on the
concretemodel.Themaindifferencesare:

(i) We useSAT, insteadof a BDD-basedmodelchecker, for theabstractmodel.
This will give our methodan advantagein proofs that requirean abstract
modelof sizecomparableto thatof theconcreteone.

(ii) Our abstractiongrows at eachrefinement,andwe userefinementminimiza-
tion to control its size,whereastheabstractionof [MA03] is computedfrom
scratcheachtime. Refinementminimization requiresrepeatedBMC runs;
these,however, arerunson theabstractmodel.In theexperimentsreportedin
Section4, refinementminimizationwasnever thebottleneck,andit couldbe
further spedupby usinganincrementalSAT solver.

4 Experimental Results

Toevaluatethetechniqueof Section3, wecomparedfouralgorithms:animplemen-
tationof theBMC [BCCZ99] algorithm, BMC extendedwith thechecksfor simple
paths[SSS00] (referredto asSSS),our PURESAT algorithm,andtheGRAB algo-
rithm of [WLJå 03], which usesboth BDDs andSAT. All the four algorithms are
implementedin VIS-2.0 [Bå 96,VIS], andChaff [MMZ å 01] wasuseastheback-
endSAT solver. Theexperimentswererun underLinux on an IBM IntelliStation
with a1.7GHz Intel Pentium4 CPUand2 GB of RAM.

The comparisonwas conductedon 26 models,either from industry or from
VIS verificationbenchmarks[Bå 96,VIS] exceptfor lsp. This modelwascreated
to illustratethe help BMC could get from abstraction.A simplified versionof it
appearsin Fig. 1. Sincein theconcretemodel,thelongestsimplepathis long,SSS
failedto complete,eventhoughPURESAT finishedwithin onesecond.

Theresultsareshown in Table1. Thefirst columnis thenameof themodel,the
secondcolumnindicateswhethereachpropertypassesor fails; if a propertyfails,
thenumberin this columnis the lengthof thecounterexample. The third column
gives the numberof latchesin the coneof influenceof the property. The fourth
columnlists thetime of BMC. A time in parenthesesis thetime elapsedwhenthe
processranout of memory. In our experiments,the time limit wassetto 8 hours.

11
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Table1
Experimentalresults.Boldfaceis usedto highlightbestCPUtimes

model pass/ latches BMC SSS PureSAT Grab

cex length in COI time time time final sz. time final sz.

lsp-p1 pass 12 ó 8h ó 8h 1 3 1 3

D12-p1 16 48 5 25 37 23 14 23

D23-p1 5 85 1 1 3 25 20 21

D2-p1 14 94 6 25 20 48 180 48

D14-p1 14 96 65 83 1460 80 ó 8h (75)

D1-p1 9 101 1 5 11 20 9 21

D1-p2 13 101 2 12 26 23 51 23

D1-p3 15 101 3 18 32 23 56 25

I12-p1 370 119 ó 8h ó 8h ó 8h (12) 2503 16

B-p1 pass 124 ó 8h ó 8h 2074 18 173 18

B-p2 17 124 150 675 247 7 93 7

B-p3 pass 124 ó 8h ó 8h ó 8h (42) 223 43

B-p4 pass 124 ó 8h (23708) ó 8h (43) 393 42

D22-p1 10 140 2 10 17 132 720 132

D24-p1 9 147 7 10 2 4 1 4

D24-p2 pass 147 ó 8h 16 6 8 3 8

D24-p3 pass 147 ó 8h 1 4 6 20 8

D24-p4 pass 147 ó 8h 1 4 6 43 8

D24-p5 pass 147 ó 8h 1 4 8 3 5

M0-p1 pass 221 ó 8h (2537) 2156 13 136 16

D5-p1 31 319 58 592 155 13 31 18

D18-p1 23 506 96 795 4359 160 ó 8h (99)

D16-p1 8 531 10 29 31 14 92 14

D20-p1 14 562 26 101 6228 232 ó 8h (69)

rcu-p1 pass 2453 ó 8h (3115) 136 11 195 10

IU-p2 pass 4493 (11331) ó 8h 1756 14 ó 8h (6)

12
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Thefifth columnis thetimeof SSS;thesixthcolumnshowsthetimefor PURESAT;
theseventhcolumnis thenumberof latchesin thefinal abstractmodel.If thetime
is greaterthan8 hours,thenumberin parenthesesin thenext columnis thenumber
of latchesin theabstractmodelwhentime ranout. Thenext two columnsarethe
datafor GRAB. All CPUtimesarein secondsexceptwhennoted.

Thealgorithm labeledBMC cancheckinductive invariants.However, no such
propertiesareincludedin our setof experiments.Fromthe tablewe canseethat,
in general,for passingproperties,PURESAT is betterthanbothBMC andSSS. For
failing properties,with a few exceptions,BMC is best,while PURESAT is better
than GRAB. For the largestmodel, like IU, whoseCOI contains4493 latches,
PURESAT is the only onebeingableto verify the property. Interestingly, GRAB

andPURESAT fail to finishsimilarnumbersof experiments(4 for GRAB and3 for
PURESAT). However, thetwo setsof failuresaredisjoint. This is anencouraging
signfor thedevelopmentof ahybrid algorithmthatmayswitchbetweenBDDsand
SAT for theanalysisof theabstractmodels.

ThoughPURESAT appearsto bereasonablyrobust, thereareonly threecases
in Table1 in which it managesto befastest.This is in partdueto thefact that the
implementationis still preliminary.

5 Conclusions

We have presentedanabstractionrefinementalgorithm for modelcheckingsafety
properties that usesa SAT solver assoledecisionprocedure.We have compared
this algorithmto both BMC andto an abstractionrefinementalgorithmthat uses
both BDDs and CNF SAT. The new algorithm is competitive and was the only
oneto completethe largesttestcase.Our implementation is still preliminary. We
planto investigatetheuseof anincrementalSAT solver like SATIRE [WKS01] in
the abstractionminimization phase,which is currently the most time consuming
partof thealgorithm. We arealsointerestedin theextensionof the techniquesof
[WLJ

�
03] to theSAT environment. This is not anentirely trivial task,sincethey

arebasedontheknowledgeof thesetsof statesatvariousdistancesalongthepaths
connectinginitial statesto errorstates.

By its very nature,the PURESAT algorithmsuffers,albeit in attenuatedform,
from thesameproblemsthatafflict thebasicprocedureusedin analyzingtheab-
stractmodels. Improvementslike thoseproposedin [McM03] may boostPURE-
SAT’s performance.More generally, the integrationwith a BDD-basedapproach
to the analysisof the abstractmodel shouldlead to a more robust andpowerful
approachto abstractionrefinement.
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else

if (x>0)
  y = x + 1

  y = x − 1
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NPORQTSMUVUXWCYXZ[UX\�]_^�QTS+O�`�a7bI]MZ[QT\dce^�QTS�]Mf�UVY�bTg�UhQT^i`�\�YXQT\�j�Z[]MZ[QT\�UXjkYXQT\�YX`�SMSMUX\�YXl�cmZ7g
n SMQ n Q)g�UXjoZ[\qp[rIs ^�QTS�tmu�uvSMU n SMU�g�UX\�]+bI]MZ[QT\dwyx[^ezeUCQ)ORZ[]{YXQT\dg�Z[j�UXSMZ[\�|VjdbI]+b}j�U n UX\�~
j�UX\�YXZ[U�gMcmbI\�j�zeUog�Z7O n a[l�zeQTSM��QT\�Q n UXS+bI]MZ[QT\dgmQT^m]Mf�U�gMbTORU�SMU�g�QT`�SMYXU�YXa7bTgMgMc�]Mf�UX\
]Mf�U}SMU�g�QT`�SMYXU��)QT`�\�jhYXQT\dg�]MS+bIZ[\�]iZ7gibI\hSM~�YXQ)O���Z[\dbI]MZ[QT\hUX� n SMU�gMg�Z[QT\dc g�UXa[UXYX]MZ[\�|_YXQ)OR~
��Z[\dbI]MZ[QT\dgRQT^R` n ]MQ��
���eQ n UXS+bI]MZ[QT\dgRQT`�]CQT^R�����Aw��oU�Y�bIa[a�]Mf�Z7gi��a[]MUXSMZ[\�|�^�`�\�YX]MZ[QT\
�?�'� �7�X�M�����)� �I�����¡ ¡¢Mw£x[]+g�g�Z[¤XU�YXQ)O n a[UX��Z[]7l�c'z�f�UX\�UX� n SMU�gMg�UXj¥bTgmb,tmu�u¦Z[\dg�]MU�bIj�QT^£b
]7zeQ�a[UX§#UXa¨^�QTS+OCc?Z7g �©� �����?ª«�
���A¢Mc?Z7w U�w[c?\�`dO��)UXS�QT^¨Q n UXS+bI]MZ[QT\dgiOCb n�n UXj�]MQ�]Mf�U�YXa7bTgMg
]MZ7ORU�g)]Mf�Um�)QT`�\�jC^�QTSE]Mf�U�YXa7bTgMgMwm¬df�U�^�`�\�YX]MZ[QT\CZ7g)U�bTg�Z[a[l}]MS+bI\dg�a7bI]MUXjC]MQ�­�®R¯�^�QTS+OCbI]
� z�Z[]MfyZ[\�]MUXS+ORUXj�Z7bI]MU_bIj�j�Z[]MZ[QT\dbIa°§�bISMZ7bI��a[U�gM¢Mc'z�Z[]Mf±g�Z7ORZ[a7bIS²YXQ)O n a[UX��Z[]7l�w

³ \�^�QTSM]M`�\dbI]MUXa[l�c5bTg n SMUX§�Z[QT`dg�a[l´g�f�Q+z�\dc¨zeU_fdbM§#U�YXQT\�j�Z[]MZ[QT\�UXj � Z7w U�w[c5bISM]MZ[��YXZ7bIa7¢
YXQT\�YX`�SMSMUX\�YXZ[U�gMc�]MfdbI]dYXQ)O n a[Z[Y�bI]MUmQT`�S�ORQ'j�UXa'YXQ)O n bISMUXj�]MQCp[rIs7c%bI\�jyOCbI�#Um]Mf�U�bI�)Q+§#U
g�QTa[`�]MZ[QT\�UX� n QT\�UX\�]MZ7bIaµZ[\o]Mf�UC\�`dO��)UXS©QT^eYXQT\�]MSMQTa¨Y9f�QTZ[YXU�g � ^�QTSM��gM¢M¶²zeU�g�f�QT`�a[joUX��~
n bI\�jhQT\�U}Z[\dg�]+bI\�YXU,QT^ YXQT\�YX`�SMSMUX\�YXlV|TS+b n fh^�QTS²U�bIY9f�Y�bTg�U�QT^ SMU�g�QTa[§#UXjd·I`�\�SMU�g�QTa[§#UXj
YXQT\�]MSMQTa�Q n UXS+bI]MZ[QT\dw

/10�210�¸	¹²º�;�HI<�»�@A¼ 8147DFG�½�G�D�>
¾1¾¡H¿8�>16�À
Á Z[\�YXUy\�QT\�U�QT^²]Mf�Uy]7zeQ n SMUX§�Z[QT`dg�b n�n SMQ)bIY9f�U�g�bIa[QT\�U�Z7g�bI��a[U�]MQoUXWCYXZ[UX\�]Ma[lvg�QTa[§#U
QT`�S n SMQT��a[U�OCc�zeUij�UX§#UXa[Q n UXj�b5f�l���SMZ[j_]MUXY9f�\�Z[Â�`�U�c'z�f�Z[Y9f�^�QTa[a[Q+z}g�]Mf�URYXQT\�YX`�SMSMUX\�YXl
|TS+b n f´g�]MS+bI]MUX|Tloa[Q'Y�bIa[a[l�cdz�Z[]Mf�Z[\±YXQT\�]MSMQTa£YXQ)O n QT\�UX\�]+g²QT^�]Mf�U�­�u�¯�Ã©cebI\�j±]Mf�U�SM~
YXQ)O���Z[\dbI]MZ[QT\±b n�n SMQ)bIY9fyQT\±bR|Ta[QT�dbIa n UXS+g n UXYX]MZ[§#U�w

Ä QTSMU�Z[\¦j�UX]+bIZ[a7c zeUyUX� n SMU�gMg�]Mf�U�SMU�g�QT`�SMYXUyYXQT\dg�]MS+bIZ[\�]�^�`�\�YX]MZ[QT\ � ^�QTShb�|TZ[§#UX\
SMU�g�QT`�SMYXU{YXa7bTgMg Å�Æ�¢5bTg5bRYXQ)O n Q)g�Z[]MZ[QT\yQT^d]7zeQ�g�`���~�^�`�\�YX]MZ[QT\dg

Ç�� �����È�É ���)� � ¢ Ê �?�'� �7�X�M�7Ë¨� � Ì'Í+���)� � ¢ � �
����¢

¬df�U�QT`�]MUXS+ORQ)g�]_^�`�\�YX]MZ[QT\kZ7g � b±g�a[Z[|Tf�]�ORQ'j�Z[��Y�bI]MZ[QT\kQT^�¢{]Mf�U n SMUX§�Z[QT`dg�a[lqj�UX~
g�YXSMZ[�)UXj�SM~�YXQ)O���Z[\dbI]MZ[QT\���a[]MUXS+c#z�f�UXSMU�bTg Ë¨� � Ì'Í Z7gµbe^�`�\�YX]MZ[QT\�]MfdbI] SMU�OCb n g�Q n UXS+bI]MZ[QT\
]MS+bI\dg�Z[]MZ[QT\dgE]MQhb�g�UX]5QT^�bIa[a[Q'Y�bI]MZ[QT\�§�bISMZ7bI��a[U�gMc'z�Z[]MfV]Mf�U{^�QTa[a[Q+z�Z[\�|CSM`�a[U�gM¶
Î�Ï bIY9fy`�\�YXQT\�]MSMQTa[a[UXjyQ n UXS+bI]MZ[QT\y� � Æ)Z7gESMU�OCb n�n UXjy]MQVbI\�bIa[a[Q'Y�bI]MZ[QT\_§�bISMZ7bI��a[U{Ð'ÆdÊ
� Æ[��Æ7c�z�f�Z[Y9fVUX§�bIa[`dbI]MU�g¨]MSM`�U{z�f�UX\V]Mf�U{Q n UXS+bI]MZ[QT\�Z7gEUX��UXYX`�]MZ[\�|)w

Î ­dQT\�]MSMQTa[a[UXjog�`��dg�UX]+g�QT^¡]Mf�U,­�u�¯�Ã � g�`���|TS+b n fdg�Z[\�YXa[`�j�UXj_�)UX]7zeUXUX\_^�QTSM�ybI\�j�Ñ�QTZ[\
\�Q'j�U�gM¢©bISMU�|Ta[QT�dbIa[a[l�SMU�OCb n�n UXj�]MQ±b n SMQ n UXS_g�UX]©QT^{bIa[a[Q'Y�bI]MZ[QT\o§�bISMZ7bI��a[U�gMc°Q+§#UXS
z�f�Q)OÒ]Mf�U Ë¨� � Ì'Í ^�`�\�YX]MZ[QT\dg£SMUX]M`�SM\dg{b}\�`dO��)UXS{QT^eQT\�U�g£UX��bIYX]Ma[lhYXQTSMSMU�g n QT\�j�Z[\�|
z�Z[]MfC]Mf�U�bTORQT`�\�] QT^�SMU�g�QT`�SMYXU�g¡SMUXÂ�`�Z[SMUXjdw Á Q�bIa[adbISM]MZ[��YXZ7bIa%YXQT\�YX`�SMSMUX\�YXZ[U�g£bI\�jd·IQTS
g n UXYX`�a7bI]MZ[QT\dg²bISMU{]+bI�#UX\yZ[\�]MQ�bIYXYXQT`�\�]²��l�]Mf�Z7gE^�`�\�YX]MZ[QT\dw
¬df�U�YXQ)O n Q)g�Z[]MZ[QT\_Z7g�\�UX§#UXS5YXQ)O n `�]MUXj�UX� n a[Z[YXZ[]Ma[l�c'��`�]mZ[\�]MUXS+ORUXj�Z7bI]MU�bIa[a[Q'Y�bI]MZ[QT\

§�bISMZ7bI��a[U�gCbISMU��#U n ]�bI\�j¦]MS+bI\dg�^�UXSMSMUXjÓ]MQ�]Mf�U�­�®R¯q^�QTS+O�`�a7bI]MZ[QT\¦QT^ Ç�� ��È�É
c z�f�Z[Y9f
bIa[a[Q+z}g�`dg°]MQ�^MbIYXUR]Mf�U�OCbIZ[\og�Z[¤XU��)QT]M]Ma[UX\�UXY9��gM¶ �MÔ ¢£¬df�UiYXQ)O n a[UX��Z[]7l�QT^°YXQT\�j�Z[]MZ[QT\dbIa
YXQT\�YX`�SMSMUX\�YXl � ^�`�\�YX]MZ[QT\ Ë¨� � Ì'Í ¢�Z7gd�#U n ]�z�Z[]Mf�Z[\�gMOCbIa[a�SMUX|TZ[QT\dgdQT^°]Mf�U�­�u�¯�Ã©w Ï g n UX~
YXZ7bIa[a[ly^�QTS²]Mf�U�Z7O n QTSM]+bI\�]RY�bTg�U�QT^ a[Q'Q n Z[\�|obI\�jd·IQTS n Z n UXa[Z[\�UXj��)UXfdbM§�Z[QTS+gMc¨ORQ'j�UXa[UXj
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q rts�uMv*wyxtz{xt|~}{���e��v*���K�(�����(}{�6���e��ve����}{�(���t�l��v*�S}{���~���t�e��v*���~}{�K���*wyv*��xt����xt|~xt�
� vl����|~�K�K�~��xt�*�"vl�"x���xt�t���t�e��vl�Mxt�~�~�K|~�t���K�*�Svl�����K���(}{�lxt��� � vl��xt���t}{����xt����}{�
  }{���K�K�(���Kz{z{}{�M¡6��xt|~��¢£xt|~�K�����t¤¥�¦¢£xt|~�����t�����K�~}{�t���t¤@��§����K�����K����¨(�~���K§��@©d�����y��ªS�"«g�
��¬�¬ |~�txt�6���{­��Sz{�(¢£�K| � �Kxt���K§�}{�V������z{}{�~���K|~�~��rt®t®t¯tv

q °ts���v"��x�¨(��xtz{��¡ � �����t§�xt��xt��wyxt�~�K�e��¨(§����tz{}{�����6���K����z{}{���t�{­d����±²�����K�~}{�~��³���}{�t�K|~�~}{�¦¨��t¤
��xtz{}{¤¥�t|~��}{x���xt�(��x�wyxt|~��xt|~xt�´±Z�K�Kv"°tµtµtµtv

q ¶ts���v���x�¨(��xtz4xt���luMv4wy|~�K¢£�K|~�0¡6��·��K}{�K�(�N�����K�(��}{���$¤¥�t|N��¸(xt�K�N��¨(§����tz{}{� � �����t§�xt��x6©
wyxt�~�K�����6���K����z{}{���t�{­���|~�(�Kv�«g������«g��� � ±Z¹{®tºt� ¬ xt�t�K��»t¯t¯6©9»tºtrt����xt�V���t�~�K����xtz{}{¤¥�t|~��}{xt�
¼ ���(v"rt®t®tºtv

q »ts���vy��x�¨(��xtz�xt���\uMv�wy|~�K¢£�K|~��¡ � �����t§�xt��xt��wyxt�~�K�Q���6���K����z{}{���l¤¥�t|2�"�(� ¬ }{���l±Zu´�S�~­t�
«g�(���K|~��xtz´½0� ¬ �t|~������®t® rt»t�´ªS�K��v´rt®t®t®tv

q ¾ts��(��� ¬�¿{ÀtÀ ¤¥� ¬ v{}{�K�~v{���K}{v{�K��� Àt¬ ��� À ��z{�~¨(�(��� À�Á ���"��¨(�(����®t°t�{���"��¨(�(����®t¾�Â�v

q Ãts��(��� ¬�¿{ÀtÀ ¢�¢�¢�v{�~¨(��� ¬ �~¨(�~v{�K�t§ Àt¬ |~�(�����K��� À z{�t�t}{� À ���K�~}{�t� �K�t§ ¬ }{z{�K|~v{�(��§�z{v

q ¯ts���v���v���¢£xt���t�@��v���v@�"�K�K�@xt����Ä�v@��v����~���M¡ � u��t|~§�xtz ��¬�¬ |~�txt�6�d���V���������6���K����z{}{���
��|~�t��z{�K§Å}{�Æ��}{�t�����"�K�t�Kz0��¨(�(�����K�~}{�~�{­*«g�����Ç��|~xt���~v��t�Æ���t§ ¬ �����K|~� � }{���K�j±Z�K�~}{�t���
rtµ ¿ »tÃt»6©9»t¯t¾t� ��¬ |~vCrt®t®trtv

q ºts��Sv��S���t��|~}{���Sv0�"xt�(�(�~��§�}{��xt|~x�¨txt��xt�0xt��� ¼ v0����xt��¡6��}{�t����z{�K�t�KzZ�~¨(�(�����K�~}{�d�t¤Zz{��¢��
¬ ��¢£�K|4�K�t�(��|~�tz{��È���¢k}{�(���K���~}{�t���K}{|~�K��}{���~�{­S«g�����*��|~xt���~v��t�2���t§ ¬ �����K|~� � }{���K�2±Z�K�~}{�t���
rtº9É�rt°tÊ ¿ rt¯trt¾6©9rt¯t°t®#�c±Z�K�Kv"rt®t®t®tv

q ®ts � v���vË�Mxt|~�t�K|~����vË��vË��}{�K�Kxt|~|~�t�@xt���2��v���z{}{��xt|~�M¡6� � � ��¿@� ��|~�t�t|~xt§Ç¤¥�t|c±Zxt��x ¬ xt���
��¨(�(�����K�~}{�~�{­���|~�(�Kv�«g����� Àt� ���n«g��� � ±Z¹{®trt� ¬ xt�t�K�M»tÃtr6©9»tÃtÃt���"xt�   �K�txt�~�Ë�������crt®tºtÃtv

q rtµts���v��SvM�Mxt��z{}{�lxt���l��v���vM�S��}{�t�(����¡6u��t|~�K�¦©9±Z}{|~�K�K���K�L���6���K����z{}{���$¤¥�t|Z������wy�K��x��(}{�t|~xtz
��¨(�(�����K�~}{�c�t¤ � ��«g���~�{­N«g�����L��|~xt���~vË�t�d���t§ ¬ �����K|~� � }{���K��±Z�K�~}{�t����º ¿ ÃtÃtr6©9Ãt¯t®t�C�������
rt®tºt®tv
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