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Plan

Mon An invitation to SMT with Z3

Tue Equalities and Theory Combination 

Wed Theories: Arithmetic, Arrays, Data types

Thu Quantifiers and Theories

Fri Programming Z3: Interfacing and Solving



Lecture Overview

ÅDeciding Equality 

ÅUninterpretedFunctions

ÅNelson OppenCombination

ÅModel-based Theory Combination
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d e s ta,b,c



d,e

Deciding Equality

a = b,b = c, d = e, b = s, d = t, a̧e, a ş
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Unsatisfiable
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Deciding Equality

a = b,b = c, d = e, b = s, d = t, a̧e

a,b,c,s d,e,t

Model construction

|M| = {§1 ,§2}   (universe, aka domain)

M(a) = §1  (assignment)

§1 §2

Alternative notation:
aM = §1 



Deciding Equality

a = b,b = c, d = e, b = s, d = t, a̧e

a,b,c,s d,e,t

Model construction

|M| = {§1 ,§2}   (universe, aka domain)

M(a) = M(b) = M(c) = M(s) = §1

M(d) = M(e) = M(t) = §2

§1 §2



Deciding Equality:
Termination, Soundness, Completeness
ÅTermination: easy

ÅSoundness

ïInvariant: all constants in a άōŀƭƭέare known to be equal.

ïThe άōŀƭƭέmerge operation is justified by:
ÅTransitivity and Symmetry rules.

ÅCompleteness

ïWe can build a model if an inconsistency was not detected.

ïProof template (by contradiction):
ÅBuild a candidate model.

ÅAssume a literal was not satisfied.

ÅFind contradiction.



Equality: Union-Find [Tarjan]

vector<int> F;

int new_node() { F.push_back(-1); return F.size()-1; }

int find(int node) { 

if (F[node] != -1) { F[node] = find(node); return F[node]; }

return node; 

}

void merge(int n1, int n2) {

n1 = find(n1); n2 = find(n2);

if (F[n1] > F[n2]) swap(n1, n2);

if (n1 == n2) return;

F[n1] += F[n2];

F[n2] = n1;

}

Lazy path 
compression
Variant: Eager

Path 
compression + 
equivalence 

class as doubly 
linked list

- Size of 
equivalence 

class

nlog*(n) amortized 
time for n operations

Root for largest class 
takes over



Deciding Equality:
Termination, Soundness, Completeness
ÅCompleteness

ïWe can build a model if an inconsistency was not 
detected.

ïInstantiating the template for our procedure:

ÅAssume some literal c = d is not satisfied by our model.

ÅThat is, aόŎύ ґ aόŘύ.

ÅThis is impossible, c and d must be in the same άōŀƭƭέ.

c,dΣΧ

§i
M(c) = M(d) = §i



Completeness
We can build a model if an inconsistency was not detected.

Instantiating the template for our procedure:

Assume some literal Ŏ ґ Ř is not satisfied by our model.

That is, M(c) = M(d).

Key property: we only check the disequalitiesafter we 
processed all equalities.

This is impossible, c and d must be in the different άōŀƭƭǎέ

ŎΣΧ
M(c) = §i

M(d) = §j

§i

ŘΣΧ
§j



a = b,b = c, d = e, b = s, d = t, f(a, g(d)) ¸f(b, g(e))

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)



a = b,b = c, d = e, b = s, d = t, f(a, g(d)) ̧ f(b, g(e))

CƛǊǎǘ {ǘŜǇΥ άbŀƳƛƴƎέ subterms

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)



a = b,b = c, d = e, b = s, d = t, f(a, v1) ̧ f(b, g(e))

v1¹g(d)

CƛǊǎǘ {ǘŜǇΥ άbŀƳƛƴƎέ subterms

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)



a = b,b = c, d = e, b = s, d = t, f(a, v1) ̧ f(b, g(e))

v1¹g(d)

CƛǊǎǘ {ǘŜǇΥ άbŀƳƛƴƎέ subterms

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)



a = b,b = c, d = e, b = s, d = t, f(a, v1) ̧ f(b, v2)

v1¹g(d), v2¹g(e)

CƛǊǎǘ {ǘŜǇΥ άbŀƳƛƴƎέ subterms

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)



Deciding Equality + 
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Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, v3 v̧4

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

d = e implies g(d) = g(e)

a,b,c,s d,e,t v1 v2 v3 v4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, v3 v̧4

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

d = e implies v1 = v2

a,b,c,s d,e,t v1 v2 v3 v4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, v3 v̧4

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

d = e implies v1 = v2

a,b,c,s d,e,t v1,v2 v3 v4

We say:
v1 and v2 are congruent.



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, v3 v̧4

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

a = b, v1 = v2 implies f(a, v1) = f(b, v2)

a,b,c,s d,e,t v1,v2 v3 v4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, v3 v̧4

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

a = b, v1 = v2 implies v3 = v4

a,b,c,s d,e,t v1,v2 v3 v4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, v3 v̧4

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

a = b, v1 = v2 implies v3 = v4

a,b,c,s d,e,t v1,v2 v3,v4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, v3 ̧ v4

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

a,b,c,s d,e,t v1,v2 v3,v4

Unsatisfiable



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

a,b,c,s d,e,t v1,v2 v3,v4

Changing the problem



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

a,b,c,s d,e,t v1,v2 v3,v4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Congruence Rule:

x1 = y1Σ ΧΣ Ȅn = yn implies f(x1Σ ΧΣ xn) = f(y1Σ ΧΣ yn)

a,b,c,s d,e,t v1,v2 v3,v4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Model construction:

|M| = {§1 ,§2 ,§3 ,§4}  

M(a) = M(b) = M(c) = M(s) = §1 

M(d) = M(e) = M(t) = §2

M(v1) = M(v2) = §3

M(v3) = M(v4) = §4

a,b,c,s d,e,t v1,v2 v3,v4

§1 §2 §3 §4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Model construction:

|M| = {§1 ,§2 ,§3 ,§4}  

M(a) = M(b) = M(c) = M(s) = §1 

M(d) = M(e) = M(t) = §2

M(v1) = M(v2) = §3

M(v3) = M(v4) = §4

a,b,c,s d,e,t v1,v2 v3,v4

§1 §2 §3 §4

Missing:
Interpretation for 
f and g.



Deciding Equality + 
(uninterpreted) Functions

Building the interpretation for function symbols

ïM(g) is a mapping from |M| to |M|

ïDefined as:
M(g)(§i) = §j if there is v ¹g(a) s.t.

M(a) = §i

M(v) = §j

= §k, otherwise (§k is an arbitrary element)

Is M(g) well-defined? 
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Building the interpretation for function symbols

ïM(g) is a mapping from |M| to |M|

ïDefined as:
M(g)(§i) = §j if there is v ¹g(a) s.t.

M(a) = §i

M(v) = §j

= §k, otherwise (§k is an arbitrary element)

Is M(g) well-defined? Problem: we may have 
v ¹g(a) and w ¹g(b)  s.t.

M(a) = M(b) = §1  and M(v) = §2 ґ §3 = M(w)

So, is M(g)(§1) = §2 or M(g)(§1) = §3?



Deciding Equality + 
(uninterpreted) Functions

Building the interpretation for function symbols

ïM(g) is a mapping from |M| to |M|

ïDefined as:
M(g)(§i) = §j if there is v ¹g(a) s.t.

M(a) = §i

M(v) = §j

= §k, otherwise (§k is an arbitrary element)

Is M(g) well-defined? Problem: we may have 
v ¹g(a) and w ¹g(b)  s.t.

M(a) = M(b) = §1  and M(v) = §2 ґ §3 = M(w)

So, is M(g)(§1) = §2 or M(g)(§1) = §3?

This is impossible because of 
the congruence rule!
a andb are in the same άōŀƭƭέ, 
then so are v and w



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Model construction:

|M| = {§1 ,§2 ,§3 ,§4}  

M(a) = M(b) = M(c) = M(s) = §1 

M(d) = M(e) = M(t) = §2

M(v1) = M(v2) = §3

M(v3) = M(v4) = §4

a,b,c,s d,e,t v1,v2 v3,v4

§1 §2 §3 §4



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Model construction:

|M| = {§1 ,§2 ,§3 ,§4}  

M(a) = M(b) = M(c) = M(s) = §1 

M(d) = M(e) = M(t) = §2

M(v1) = M(v2) = §3

M(v3) = M(v4) = §4

M(g)(§i) = §j if there is v ¹g(a) s.t.
M(a) = §i

M(v) = §j

= §k, otherwise



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Model construction:

|M| = {§1 ,§2 ,§3 ,§4}  

M(a) = M(b) = M(c) = M(s) = §1 

M(d) = M(e) = M(t) = §2

M(v1) = M(v2) = §3

M(v3) = M(v4) = §4

M(g) = {§2 Ҧ§3}

M(g)(§i) = §j if there is v ¹g(a) s.t.
M(a) = §i

M(v) = §j

= §k, otherwise



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Model construction:

|M| = {§1 ,§2 ,§3 ,§4}  

M(a) = M(b) = M(c) = M(s) = §1 

M(d) = M(e) = M(t) = §2

M(v1) = M(v2) = §3

M(v3) = M(v4) = §4

M(g) = {§2 Ҧ§3}

M(g)(§i) = §j if there is v ¹g(a) s.t.
M(a) = §i

M(v) = §j

= §k, otherwise



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Model construction:

|M| = {§1 ,§2 ,§3 ,§4}  

M(a) = M(b) = M(c) = M(s) = §1 

M(d) = M(e) = M(t) = §2

M(v1) = M(v2) = §3

M(v3) = M(v4) = §4

M(g) = {§2 Ҧ§3Σ ŜƭǎŜ Ҧ§1}

M(g)(§i) = §j if there is v ¹g(a) s.t.
M(a) = §i

M(v) = §j

= §k, otherwise



Deciding Equality + 
(uninterpreted) Functions

a = b,b = c, d = e, b = s, d = t, a v̧4, v2 ̧ v3

v1¹g(d), v2¹g(e), v3¹f(a, v1) , v4¹f(b, v2)

Model construction:

|M| = {§1 ,§2 ,§3 ,§4}  

M(a) = M(b) = M(c) = M(s) = §1 

M(d) = M(e) = M(t) = §2

M(v1) = M(v2) = §3

M(v3) = M(v4) = §4

M(g) = {§2 Ҧ§3Σ ŜƭǎŜ Ҧ§1}

M(f) = { (§1 ,§3)Ҧ§4Σ ŜƭǎŜ Ҧ§1}

M(g)(§i) = §j if there is v ¹g(a) s.t.
M(a) = §i

M(v) = §j

= §k, otherwise



Deciding Equality + 
(uninterpreted) Functions

What about predicates?

p(a, b),   ×p(c, b)



Deciding Equality + 
(uninterpreted) Functions

What about predicates?

p(a, b),   ×p(c, b)

fp(a, b) = T,    fpόŎΣ ōύ ґ T



Deciding Equality + 
(uninterpreted) Functions

It is possible to implement our procedure in

O(n log n)



Case Analysis

Many verification/analysis problems require: 
case-analysis

x ²0, y = x + 1, (y > 2 Ùy < 1) 



Case Analysis

Many verification/analysis problems require: 
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x ²0, y = x + 1, (y > 2 Ùy < 1) 

Naïve Solution: Convert to DNF
(x ²0, y = x + 1, y > 2) Ù(x ²0, y = x + 1, y < 1) 



Case Analysis

Many verification/analysis problems require: 
case-analysis

x ²0, y = x + 1, (y > 2 Ùy < 1) 

Naïve Solution: Convert to DNF
(x ²0, y = x + 1, y > 2) Ù(x ²0, y = x + 1, y < 1) 

Too Inefficient!
(exponential blowup)



SAT
Theory

Solvers
SMT

Equality + UF

Arithmetic

Bit-vectors

Χ

Case Analysis



M | F

Partial model
Set of clauses



Guessing

p, ×q | p Ùq, ×q Ùr

p  |  p Ùq, ×q Ùr



Deducing

p, s| p Ùq, ×p Ùs

p |  p Ùq, ×pÙs



Backtracking

p, s| p Ùq, s Ùq, ×pÙ×q

p, ×s, q |  p Ùq, s Ùq, ×pÙ×q
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Basic Idea
x ²0, y = x + 1, (y > 2 Ùy < 1) 

p1,  p2, (p3Ùp4)

!ōǎǘǊŀŎǘ όŀƪŀ άƴŀƳƛƴƎέ ŀǘƻƳǎύ

p1 ¹(x ²0), p2 ¹(y = x + 1), 

p3 ¹(y > 2), p4 ¹(y < 1)

SAT 
Solver

Assignment
p1,  p2, ×p3, p4

x ²0, y = x + 1, 

×(y > 2), y< 1

Theory
Solver

Unsatisfiable

x ²0, y = x + 1, y< 1

New Lemma

×p1Ù×p2Ù×p4



Theory
Solver
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AKA
Theory conflict


