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Abstract

Generalizing the novel clause elimination procedures ldgeel in [1], we introduceexplicit
(CCE), hidden(HCCE), andasymmetriq ACCE) variants of a procedure that eliminatzs/ered
clausesfrom CNF formulas. We show that these procedures are moeet®&f in reducing CNF
formulas than the respective variants of blocked clauseirdition, and may hence be interesting as
new preprocessing/simplification techniques for SAT sajvi

1 Introduction

Simplification techniques applied both before (i.e., inppoeessing) and during search have proven
integral in enabling efficient conjunctive normal form (CN&vel Boolean satisfiability (SA‘B solving
for real-world application domains. Further, while manyTSgblvers rely mainly on Boolean constraint
propagation (i.e., unit propagation) during search, ibissible to improve solving efficiency by applying
additional simplification techniques also during searchotid¢ably, when schedulingombinationsof
simplification techniques during search, even quite sinmias can bring additional gains by enabling
further simplifications by other techniques.

Generalizing the clause elimination procedures develap§d], in this paper we introducexplicit
(CCE), hidden(HCCE), andasymmetrid ACCE) variants of a clause elimination procedure that elim
nates what we catfovered clauseBom CNF formulas. We compare these procedures to the amagog
variants BCE, HBCE, and ABCE (see Sécfl 1.1) of blocked ealisnination [1[2] w.r.trelative effec-
tiveness

Definition 1. Assume two clause elimination proceduresa8d S that take as input an arbitrary CNF
formula F and each outputs a CNF formula that consists of asubf F that is satisfiability-equivalent
to F. Procedure §is at least as effective & if, for any F and any output$F) and $(F) of § and
S on input F, respectively, we have thatB) C S$(F); S, is not as effective a$§; if there is an F for
which there are outputs;& ) and S(F) of § and S, respectively, such that &) € S;(F); and S is
more effective thark; if (i) Sy is at least as effective ag,Sand (ii) S is not as effective a5, S

This definition of relative effectiveness takes into acaaon-confluentlimination procedures, i.e.,
procedures that do not generally have a unique fixpoint aadntlay thus have more than one possible
output for a given input. In fact, we show that out of the thteeered clause elimination procedures, the
explicit variant CCE is confluent. Extending the relativieeefiveness hierarchy presentediih [1] (see the
solid arrows in Fig[1l), we show that the variants of coveredise elimination are more effective than
their counterparts based on blocked clauses (see the dasiogd in Fig[l). In this sense, the elimi-
nation procedures introduced in this paper are proper gerations of the techniques analyzed!ih [1].
This is interesting since it has been recently showrllin [2} tidready BCE is surprisingly effective,
as it can—purely on the CNF level—implicitly perform a comdtiion of structure-based circuit-level
techniques, including the polarity-based Plaisted-Gveam CNF encoding and difference circuit sim-
plifications. Here, the most effective technique is the asgtnic variant of covered clause elimination.
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1We assume that the reader is familiar with basic concepasetto CNF satisfiability. When convenient we view a clause
as a set of literals and a CNF formula as a set of clauses.
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Figure 1. Relative effectiveness hierarchy of clause elanon procedures. An edge fradito Y means
that X is more effective thaty. A missing edge fronX to Y means thai is not as effective a¥.
Transitive edges are missing from the figure for clarity. dashed arrows present results of this paper.

1.1 Variants of Blocked Clause Elimination

The resolution rule states that, given two claudes {l,a;,...,a,} andC, = {I, by, ..., by}, the implied
clauseC = {ay,...,an,b1,...,bm}, called theresolventof C; andCy, can be inferred byesolvingon the
literal |, and writeC = C; ®, Co.

We compare the clause elimination procedures based onembwtauses to the following proce-
dures|[1] that eliminate blocked clausEs [3]. Notice thdtaduhese three, only BCE is confluehi [1].

BCE Given a CNF formuld, a clauseC and a literal € C, the literall blocks Cw.r.t. F if (i) for each
clauseC’ € F with | € C/, C®, C is a tautology, or (||) €C,ie,Cisitself a tautolo£ Given a CNF
formulaF, a clauseC is blockedw.r.t. F if there is a literal that block€ w.r.t. F. Removal of blocked
clauses preserves satisfiabilify [3]. For a CNF fornmfaldlocked clause eliminatio(BCE) repeats the
following until fixpoint: if there is a blocked clauseé € F w.r.t. F, letF := F \ {C}. The CNF formula
resulting from applying BCE oF is denoted by BCH-).

HBCE Given a CNF formulaF, we denote by~ the set of binary clauses containedkn For a
given clauseC € F, we denote byHKidden literal additio HLA (F,C) the uniqueclause resulting from
repeating the following clause extension steps until firpaf there is a literalg € C such that there is
aclause(lp V1) € R\ {C} for some literall, letC := CuU {I}. For a CNF formulaF, a clauseC € F
is calledhidden blockedf HLA (F,C) is blocked w.r.t.F. Hidden blocked clause eliminatiqiiBCE)
repeats the following until fixpoint: if there is a hidden tked claus€ < F, removeC from F.

ABCE For a clauseC and a CNF formulaF, (asymmetric literal addition ALA (F,C) denotes the
uniqueclause resulting from repeating the following until fixpoiif |4, ...,lx € C and there is a clause
(I v---VIgVvIl) € F\ {C} for some literall, let C := CU{l}. A clauseC € F is called asymmetric
blocked if ALA(F,C) is blocked w.r.tF. Asymmetric blocked clause eliminatihBCE) repeats the
following until fixpoint: if there is an asymmetric blockethaseC € F, letF :=F \ {C}.

2 Covered Clause Elimination Procedures

Given a CNF formulaF, a clauseC, and a literall € C, the set ofresolution candidatesf C w.r.t. |
is RC(F,C,I) := {C' | C’ € FrandC ®, C' is not a tautology. Notice that every clause in RE,C,I)
contains the literal. If RC(F,C,l) = 0, thenC is blocked w.r.tF. The literals apart fronh which occur
in all clauses of RQF,C, ) form theresolution intersectiomRI(F,C, ) of | andC w.r.t. F, defined as

RI(F,C,1) (ﬂRc (F.C |)) \{i7}.

2Herel € C is included to handle the special case that for any tautcébginary clause(l \/I_), both! and! block the
clause. Even without this addition, evergn-binarytautological clause contains at least one literal thatksdhe clause.




Given a CNF formuld, a clauseC € F, and a literal € C, we say that coversthe literals in R(F,C,1)
(w.r.t. F andC). A literal I” is coveredby | € Cif I’ € RI(F,C,I). Aliteral | € Cis coveringw.r.t. F and
Cif | covers at least one literal, i.e., ®IC,l) # 0.

Lemma 1. For any CNF formula F, clause € F, and literal | € C, it holds that replacing C by C
RI(F,C,I) in F preserves satisfiability.

Proof. For any literall € C it holds that VEF,I) = VE((F&C}) U{CURI(F,C,1)}, 1), where VEF,I)
denotes the CNF formula resulting from variable elimingdithe variable of the literdl from F. O

For a given claus€ in a CNF formulaF, we denote bydovered literal addition CLA(F,C) the clause
resulting from repeating the following until fixpoint: iféhne is a literal € C such that RIF,C,1)\C # 0,
letC:=CURI(F,C,I).

Lemma 2. Replacing a clause € F by CLA(F,C) preserves satisfiability.
Proof. The clause CLAF,C) is obtained by iteratively applying Lemrfih 1 on claGse O

Lemma 3. Assume two clauses B with | € C C D and two sets of clauses @ with F C G. Further as-
sume that D is not blocked w.r.t. F and hence C is not blocked @. TherRC(G,C,|) > RC(F,D,l) #0
and henceRI(G,C,l) CRI(F,D,I).

Proof. Monotonicity of RC w.r.t. its first argument and anti-monuitoty w.r.t. its second argument
follows directly from its definition. For RI, note that int&ction is anti-monotonic for non-empty sets
of sets. O

Theorem 1. Given a CNF formula F and a clause€F, CLA(F,C) is blocked or uniquely defined.

Proof. AssumeC is not blocked w.r.tF and contains two literal, |, which cover the literald| =
RI(F,C,l;) respectively. Consider the clauses=C UL} andC; = CUL),. Now assume that both of
C1,C; are not blocked w.r.&. Then all clause® € RC(F,Cy,l,) € RC(F,C, |) contain all literals irL5.
SinceC; is not blocked and thus RE,Cy, 1) is not empty, we obtaib’, C RI(F,Cy,l2). The case where
the indices are exchanged (i.e} C RI(F,Cy,11)) is symmetric. Thus as long clauses do not become
blocked, covered literals can be added independently. @be that both of;,C, are blocked is trivial.

What remains (by symmetry) is the case t@atis blocked butC; is not. Again, as above, we get
L/2 C R|(F,C1,|2). FOI’C:/L =CU R|(F,C1, |2) we haVECi =CU L&U R|(F,C1, |2) D) LS_U (CU le) D) CIZ
which is also blocked. This generalizes to the followingesation: For any non-deterministic choice
of adding covered literals G, the literall, remains covering. Further, if in this process the clause did
not become blocked, it will eventually become blocked if teered literals of, are added. O

To illustrate the effect of adding covered literals on I@gyiequivalencﬁ consider the formula
Fea = (avbve)a(avbvd)a(avevd)A(@vbvea(@vbvd)A@vevd).

Notice that R(FcLa,(aVv bV c),b) = {d} and R(FcLa,(aVvbVvc),c) = {d}. Therefore, depending
on the order of addition, CLfca, (aVvbVvc)) is either(av bvcvd) when starting with covering literal
bor (avbvVvcvd)when starting with covering literal In both cases CL&c_a,(aVbVc)) is blocked.
After replacing(aV bV c) by (aVv bV cVvd) the truth assignment with 7(a) = 7(b) = 7(c) =false and
17(d) =true satisfies the new formula, while falsifyitig\V/ bV c) € Fc a. In fact,Fc a witnesses the fact
that none of the clause elimination procedures introduead preserve logical equivalence in general.

3More formally, VE(F,1) = (R @ F) U (F \ (R UF))), whereFR andF-consist of the clauses iR that containl andl,
respectively, anth @ Fr= {C®,C' | C € /,C’ € Fj; andC ®, C’ is not a tautology.

4In this context, two formulag andF’ are logically equivalent if they have exactly the same sestdisfying assignments
when restricting these assignments to the variables aipgearbothF andF’.
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2.1 Covered Clause Elimination

Definition 2. Given a CNF formula F, a clause €F is coveredf CLA(F,C) is blocked w.r.t. F.
Lemma 4. Removal of an arbitrary covered clause preserves satiditiabi

Proof. Ccan be replaced by CL#,C) (Lemmé2), an€ can be removed as CL(K,C) is blocked. O

For a given formuld-, covered clause eliminatiofCCE) repeats the following until fixpoint: if there
is a covered clausgé € F, removeC from F. The resultinguniqueformula is denoted by CQFE).
Confluence of CCE follows from the following lemma.

Lemma 5. The following holds for any CNF formula F, clausecd~, and set of clauses S F such
that C¢ S. If C is covered w.r.t. F, then C is covered w.r.t\ &.

Proof. Let CLA(F,C) = C, whereCp :=C, andCi 1 :=Ci URI(F,C;,l;) for eachi = 0..k— 1 andl; € C;.
Now defineDy := C and, for each = 0..k— 1, Dj1 := D;j if Dj is blocked w.r.tF \ SandD;,; := D;U
RI(F\ S Dj,l;) otherwise. Using Lemnid 3, one can show by induction thatdohewe have either (ip;
is blocked w.r.tF \ S, or (i) RI(F \ S D;i,l;) 2 RI(F,C,l;). If (i) holds for some, then CLAF \ SC) is
blocked w.r.tF \ C. If D; is not blocked w.r.tF \ Sfor anyi, then CLAF \ SC) O CLA(F,C). O

Theorem 2. CCEis confluent.
Theorem 3. CCEis more effective thaBCE

Proof. CCE is at least as effective as BCE follows from the fact @&t CLA(C): if C is blocked, so
is CLA(C). Moreover, inFcia no clause is blocked. However, all clauses are covered. HHBGE will
not remove a single clause, while CCE removes all of them. O

2.2 Hidden Covered Clause Elimination

For a given CNF formuld, a clauseC € F is hidden coveredf the clause resulting from repeating
1.C:=CLA(F,C); 2.C:= HLA(F,C) until fixpoint is blocked w.r.tF. Hidden covered clause elimi-
nation (HCCE) repeats the following until fixpoint: if there is a High covered claugg in F, removeC
fromF.

Lemma 6. Removal of an arbitrary hidden covered clause preservesfizdility.

Proof. Follows from the facts that (i is satisfiability equivalent toF \ {C}) U{CLA(F,C)}; (ii) F is
satisfiability equivalent tgF \ {C}) U{HLA(F,C)}; and (iii) BCE preserves satisfiability. O

Theorem 4. HCCEis more effective tha@CE

Proof. HCCE is at least as effective as CCE follows from the fact @atHLA (F,C): if C is covered,
so is HLA(F,C). Moreover, consider the formula

Ficce = (avb)a(ave)a(@vd)A(@ve A(bve)Abvd)a(bvEA(@vd)A(Eve) AdVe).

In Fycce no clause is covered. However, all clauses are hidden adbvetence CCE will not remove a
single clause, while HCCE removes all of them. O

By replacing CCE and BCE by HCCE and HBCE in the proof of ThedBwe have the following.

Theorem 5. HCCEis more effective thallBCE.



2.3 Asymmetric Covered Clause Elimination

For a given CNF formuld, a clauseC € F is calledasymmetric covered the clause resulting from
repeating 1C := CLA(F,C); 2.C := ALA (F,C) until fixpoint is blocked w.r.tF. Asymmetric covered
clause eliminatiofACCE) repeats the following until fixpoint: if there is a kielh covered clausg in
F, removeC from F.

Lemma 7. Removal of an arbitrary asymmetric covered clause presesatisfiability.

Proof. Follows from the facts that (iff is satisfiability equivalent toF \ {C}) U{CLA(F,C)}; (ii) F is
satisfiability equivalent tgF \ {C}) U {ALA (F,C)}; and (iii) BCE preserves satisfiability. O

Theorem 6. ACCE is more effective than (ABCE, and (ii) HCCE

Proof. (i) By replacing CCE and BCE by ACCE and ABCE in the proof of ®rem[3.
(i) ACCE is at least as effective as HCCE follows from thetfém@at HLA(F,C) C ALA (F,C): if
HLA (F,C) is covered, so is ALAF,C). Moreover, consider the formula

Facce = (avbve)a(avbve)a(avbve)a(avbve)a(@vbve)A@vbve) A
(@vbvec)a(@vbveiA(avbvd)A(avbyvd)A(avbyvd)a(avbyd)

In Facce no clause is hidden covered. However, ACCE can rentaveb Vv c) and(aV bV c). O

3 Discussion and Conclusions

Our current preliminary implementation of CCE requires warage twice the computational cost of
BCE on the 2009 SAT Competition application benchmark setrdpplied until fixpoint. This implies
that CCE can be made quite fast in practice. Regarding thetigab effectiveness of CCE, on about
half of the instances, CGE) is approximately the same size as BEE (the difference is less than 10
clauses). However, on the other half the additional rednas about 5% compared to BCE; for the best
case, we observed one instance for which the additionattietuwas as high as 40%.

As further work on this subject, we will focus on studying #féectiveness of CCE further in prac-
tice, and also possibilities of implementing HCCE and ACCfere it is important to notice that, even
when a specific elimination technique is too costly for grattpurposes to be run until fixpoint, such
a technique may be of practical use in a restricted form,yeonly applying it on long clauses or for
a restricted time. Also, we will measure the effect of apmpdythese elimination techniques on solving
interesting benchmark formulas. On the more foundatioial, sve will study how to reconstruct solu-
tions for a CNF formulg= from solutions to any CCf ), HCCEF) and ACCEF); this is important
for practical applications since CCE, HCCE, and ACCE do meserve logical equivalence.
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