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Plan

Mon An invitation to SMT with Z3

Tue Equalities and Theory Combination 

Wed Theories: Arithmetic, Arrays, Data types

Thu Quantifiers and Theories

Fri Programming Z3: Interfacing and Solving



Plan

• Model-based Quantifier Instantiation 

• Quantifier Elimination

• Solving Horn Clauses



Quiz

Show: A difference logic graph without negative cycles has a 
model. Give a procedure for extracting a model. 

True or false: A formula over integer difference logic has a model 
over reals iff it has a model over integers?

Give an efficient algorithm to extract models for UTVPI over 
integers.

Encode lambda Calculus into 𝑚𝑎𝑝,𝐾, 𝑟𝑒𝑎𝑑 (without 𝐼).



MODEL BASED QUANTIFIER 
INSTANTIATION

A taste of



MBQI: Motivation

Template Based Invariant Geneneration

If 𝜑𝐼is satisfiable, then post holds



MBQI: Example

If 𝜑𝐼is satisfiable, then post holds

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑛

∀𝑥, 𝑦, 𝑛, 𝑥′, 𝑦′, 𝑛′. 𝐼 𝑥, 𝑦, 𝑛 ∧ 𝑥′ = 𝑥 + 1 ∧ 𝑦′ = 𝑦 + 2 ∧ 𝑛′ = 𝑛 → 𝐼 𝑥′, 𝑦′, 𝑛′

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑥



MBQI: Example

Is 𝜑𝐼 ≔ ∀ 𝑥𝜓[  𝑥] satisfiable?

Initial model 𝐼𝑀 𝑥, 𝑦, 𝑛 ≔ 𝑡𝑟𝑢𝑒

Then M ⊨ ∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑛

Iff ⊨ ∀𝑥, 𝑦, 𝑛 . (𝑡𝑟𝑢𝑒 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑛

Iff ¬(𝑡𝑟𝑢𝑒 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑛) is unsat

But it is satisfied with: 𝑥 = 𝑦 = 𝑛 = 1

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑛
∀𝑥, 𝑦, 𝑛, 𝑥′, 𝑦′, 𝑛′. 𝐼 𝑥, 𝑦, 𝑛 ∧ 𝑥′ = 𝑥 + 1 ∧ 𝑦′ = 𝑦 + 2 ∧ 𝑛′ = 𝑛 → 𝐼 𝑥′, 𝑦′, 𝑛′

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑥



MBQI: Example

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑛
∀𝑥, 𝑦, 𝑛, 𝑥′, 𝑦′, 𝑛′. 𝐼 𝑥, 𝑦, 𝑛 ∧ 𝑥′ = 𝑥 + 1 ∧ 𝑦′ = 𝑦 + 2 ∧ 𝑛′ = 𝑛 → 𝐼 𝑥′, 𝑦′, 𝑛′

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑥

¬𝐼 1,1,1
¬𝐼 2,2,1
¬𝐼 3,3,1
¬𝐼 4,4,1
¬𝐼 5,6,1
¬𝐼 6,7,1 𝐼𝑀 𝑥, 𝑦, 𝑛 ≔ 𝑖𝑓 𝑥 = 1 ∧ 𝑦 = 1 ∧ 𝑛 = 1 𝑡ℎ𝑒𝑛 𝑓𝑎𝑙𝑠𝑒 𝑒𝑙𝑠𝑒 𝑖𝑓 …
¬𝐼 7,7,1
¬𝐼 8,7,1
¬𝐼 9,7,1
¬𝐼 10,7,1
¬𝐼 11,7,1



MBQI: Example

• Idea: Add template macros for I:

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑛
∀𝑥, 𝑦, 𝑛, 𝑥′, 𝑦′, 𝑛′. 𝐼 𝑥, 𝑦, 𝑛 ∧ 𝑥′ = 𝑥 + 1 ∧ 𝑦′ = 𝑦 + 2 ∧ 𝑛′ = 𝑛 → 𝐼 𝑥′, 𝑦′, 𝑛′

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ∧ ¬ 𝑥 < 𝑛 → 𝑦 = 2𝑥

∀𝑥, 𝑦, 𝑛 . 𝐼 𝑥, 𝑦, 𝑛 ↔ 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑛 + 𝑑 ≤ 0 ∧ …

𝑎 = −1, 𝑏 = 0, 𝑐 = 1, 𝐼 = 𝜆𝑥, 𝑦, 𝑛 . 𝑎𝑥 + 𝑏𝑦 + 𝑐𝑛 + 𝑑 ≤ 0 ∧ …



QUANTIFIER ELIMINATION
From virtual substitutions to constraints for



Loos-Weispfenning  Abstract QE(LRA)

Terms 𝑡, 𝑠 ∷= 𝑎1𝑥1 + 𝑎2𝑥2 + …+ 𝑎𝑘𝑥𝑘 + 𝑐

Atoms 𝑎𝑡𝑜𝑚 ∶≔ 𝑥 > 𝑠 | 𝑥 = 𝑡 | 𝑥 < 𝑡

Formulas 𝜑 ∷= 𝜑 ∧ 𝜑 𝜑 ∨ 𝜑 𝑎𝑡𝑜𝑚

∃𝑥 . 𝜑 𝑥 < 𝑡𝑖 , 𝑥 > 𝑠𝑗 , 𝑥 = 𝑡𝑘 ≡

𝜑 ∞ < 𝑡𝑖 , ∞ > 𝑠𝑗 , ∞ = 𝑡𝑘 ∨

 

𝑘

𝜑 𝑡𝑘 < 𝑡𝑖 , 𝑡𝑘 > 𝑠𝑗 , 𝑡𝑘 = 𝑡𝑘′ ∨

 

𝑖

𝜑 𝑡𝑖 − 𝜖 < 𝑡𝑖′ , 𝑡𝑖 − 𝜖 > 𝑠𝑗 , 𝑡𝑖 − 𝜖 = 𝑡𝑘

𝑥 𝑖𝑠 𝑙𝑎𝑟𝑔𝑒

𝑥 𝑖𝑠 𝑡𝑘

𝑙𝑢𝑏. 𝑜𝑓 𝑥 𝑖𝑠 𝑡𝑖



𝑡1 𝑡3

𝑠1

𝜑[𝑥 < 𝑡1, 𝑥 < 𝑡2, 𝑥 = 𝑡3, 𝑥 > 𝑠1, 𝑥 > 𝑠2]

𝒕𝒓𝒖𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆

𝑡2

𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆

𝑠2

𝑡1 𝑖𝑠 𝑙𝑢𝑏. 𝑓𝑜𝑟 𝑥



𝑡1 𝑡3

𝑠1

𝜑[𝑥 < 𝑡1, 𝑥 < 𝑡2, 𝑥 = 𝑡3, 𝑥 > 𝑠1, 𝑥 > 𝑠2]

𝑡2

𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆

𝑠2

𝑥 < 𝑡2



𝜑[𝑥 < 𝑡1, 𝑥 < 𝑡2, 𝑥 = 𝑡3, 𝑥 > 𝑠1, 𝑥 > 𝑠2]

𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆

𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆 Tightest value 𝑥 < 𝑡2

Observation

Non-tight value 𝑥 < 𝑡2

Only have to consider least upper bounds for 𝑥 𝑤𝑟𝑡 𝑡1, 𝑡2



𝑡1 𝑡3

𝑠1

𝜑[𝑥 < 𝑡1, 𝑥 < 𝑡2, 𝑥 = 𝑡3, 𝑥 > 𝑠1, 𝑥 > 𝑠2]

𝑡2

𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆

𝑠2

𝑡3 = 𝑥



𝑡1 𝑡3

𝑠1 𝑠2

𝜑[𝑥 < 𝑡1, 𝑥 < 𝑡2, 𝑥 = 𝑡3, 𝑥 > 𝑠1, 𝑥 > 𝑠2]

𝑡2

𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒕𝒓𝒖𝒆 𝒇𝒂𝒍𝒔𝒆𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆 𝒇𝒂𝒍𝒔𝒆 𝒕𝒓𝒖𝒆 𝒕𝒓𝒖𝒆

𝑥 𝑖𝑠 𝑏𝑖𝑔𝑔𝑒𝑟 𝑡ℎ𝑎𝑛 𝑡1, 𝑡2, 𝑡3, 𝑠1, 𝑠2

𝑡1𝑖𝑠 𝑙𝑢𝑏. 𝑓𝑜𝑟 𝑥, 𝑡2 𝑖𝑠 𝑙𝑢𝑏. 𝑓𝑜𝑟 𝑥, 𝑡3= 𝑥, 𝑥 𝑖𝑠 𝑏𝑖𝑔𝑔𝑒𝑟 𝑡ℎ𝑎𝑛 𝑡1, 𝑡2, 𝑡3, 𝑠1, 𝑠2



Loos-Weispfenning  Abstract QE(LRA)

Terms 𝑡, 𝑠 ∷= 𝑎1𝑥1 + 𝑎2𝑥2 + …+ 𝑎𝑘𝑥𝑘 + 𝑐

Atoms 𝑎𝑡𝑜𝑚 ∶≔ 𝑥 > 𝑠 | 𝑥 = 𝑡 | 𝑥 < 𝑡

Formulas 𝜑 ∷= 𝜑 ∧ 𝜑 𝜑 ∨ 𝜑 𝑎𝑡𝑜𝑚

∃𝑥 . 𝜑 𝑥 < 𝑡𝑖 , 𝑥 > 𝑠𝑗 , 𝑥 = 𝑡𝑘 ≡

𝜑 ∞ < 𝑡𝑖 , ∞ > 𝑠𝑗 , ∞ = 𝑡𝑘 ∨

 

𝑘

𝜑 𝑡𝑘 < 𝑡𝑖 , 𝑡𝑘 > 𝑠𝑗 , 𝑡𝑘 = 𝑡𝑘′ ∨

 

𝑖

𝜑 𝑡𝑖 − 𝜖 < 𝑡𝑖′ , 𝑡𝑖 − 𝜖 > 𝑠𝑗 , 𝑡𝑖 − 𝜖 = 𝑡𝑘

𝑥 𝑖𝑠 𝑙𝑎𝑟𝑔𝑒

𝑥 𝑖𝑠 𝑡𝑘

𝑙𝑢𝑏. 𝑜𝑓 𝑥 𝑖𝑠 𝑡𝑖
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Formulas 𝜑 ∷= 𝜑 ∧ 𝜑 𝜑 ∨ 𝜑 𝑎𝑡𝑜𝑚

∃𝑥 . 𝜑 𝑥 < 𝑡𝑖 , 𝑥 > 𝑠𝑗 , 𝑥 = 𝑡𝑘 ≡

𝜑 𝑓𝑎𝑙𝑠𝑒,∞ > 𝑠𝑗 , ∞ = 𝑡𝑘 ∨

 

𝑘

𝜑 𝑡𝑘 < 𝑡𝑖 , 𝑡𝑘 > 𝑠𝑗 , 𝑡𝑘 = 𝑡𝑘′ ∨

 

𝑖

𝜑 𝑡𝑖 − 𝜖 < 𝑡𝑖′ , 𝑡𝑖 − 𝜖 > 𝑠𝑗 , 𝑡𝑖 − 𝜖 = 𝑡𝑘

𝑥 𝑖𝑠 𝑙𝑎𝑟𝑔𝑒

𝑥 𝑖𝑠 𝑡𝑘

𝑙𝑢𝑏. 𝑜𝑓 𝑥 𝑖𝑠 𝑡𝑖
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𝑘
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𝜑 𝑡𝑖 ≤ 𝑡𝑖′ , 𝑡𝑖 > 𝑠𝑗 , 𝑡𝑖 − 𝜖 = 𝑡𝑘

𝑥 𝑖𝑠 𝑙𝑎𝑟𝑔𝑒

𝑥 𝑖𝑠 𝑡𝑘

𝑙𝑢𝑏. 𝑜𝑓 𝑥 𝑖𝑠 𝑡𝑖



Loos-Weispfenning  Abstract QE(LRA)

Terms 𝑡, 𝑠 ∷= 𝑎1𝑥1 + 𝑎2𝑥2 + …+ 𝑎𝑘𝑥𝑘 + 𝑐

Atoms 𝑎𝑡𝑜𝑚 ∶≔ 𝑥 > 𝑠 | 𝑥 = 𝑡 | 𝑥 < 𝑡

Formulas 𝜑 ∷= 𝜑 ∧ 𝜑 𝜑 ∨ 𝜑 𝑎𝑡𝑜𝑚

∃𝑥 . 𝜑 𝑥 < 𝑡𝑖 , 𝑥 > 𝑠𝑗 , 𝑥 = 𝑡𝑘 ≡

𝜑 𝑓𝑎𝑙𝑠𝑒, 𝑡𝑟𝑢𝑒, 𝑓𝑎𝑙𝑠𝑒 ∨

 

𝑘

𝜑 𝑡𝑘 < 𝑡𝑖 , 𝑡𝑘 > 𝑠𝑗 , 𝑡𝑘 = 𝑡𝑘′ ∨

 

𝑖

𝜑 𝑡𝑖 ≤ 𝑡𝑖′ , 𝑡𝑖 > 𝑠𝑗 , 𝑓𝑎𝑙𝑠𝑒



Loos-Weispfenning  Abstract QE(LRA)

∃𝑥 . 𝜑 𝑥 < 𝑡𝑖 , 𝑥 > 𝑠𝑗 , 𝑥 = 𝑡𝑘 ≡

𝜑 ∞ < 𝑡𝑖 , ∞ > 𝑠𝑗 , ∞ = 𝑡𝑘 ∨

 

𝑘

𝜑 𝑡𝑘 < 𝑡𝑖 , 𝑡𝑘 > 𝑠𝑗 , 𝑡𝑘 = 𝑡𝑘′ ∨

 

𝑖

𝜑 𝑡𝑖 − 𝜖 < 𝑡𝑖′ , 𝑡𝑖 − 𝜖 > 𝑠𝑗 , 𝑡𝑖 − 𝜖 = 𝑡𝑘

 

𝑖

¬ 𝑥 < 𝑡𝑖 ∧ 

𝑘

¬ 𝑥 = 𝑡𝑘 ∧ 

𝑗

𝑥 > 𝑠𝑗

𝑥 < 𝑡𝑖 ∧ 

𝑘

¬ 𝑥 = 𝑡𝑘 ∧ 

𝑖′

𝑥 < 𝑡𝑖′ → 𝑡𝑖 ≤ 𝑡𝑖′ ∧ 

𝑗

(𝑥 > 𝑠𝑗 → 𝑡𝑖 > 𝑠𝑗)

𝑥 = 𝑡𝑘 ∧ 

𝑖

𝑥 < 𝑡𝑖 → 𝑡𝑘 < 𝑡𝑖 ∧ 

𝑗

(𝑥 > 𝑠𝑗 → 𝑡𝑘 > 𝑠𝑗)



Loos-Weispfenning  Abstract QE(LRA)

∃𝑥 . 𝜑 𝑥 < 𝑡𝑖 , 𝑥 > 𝑠𝑗 , 𝑥 = 𝑡𝑘

 

𝑖

¬ 𝑥 < 𝑡𝑖 ∧ 

𝑘

¬ 𝑥 = 𝑡𝑘 ∧ 

𝑗

𝑥 > 𝑠𝑗

𝑥 = 𝑡𝑘 ∧ 

𝑖

𝑥 < 𝑡𝑖 → 𝑡𝑘 < 𝑡𝑖 ∧ 

𝑗

(𝑥 > 𝑠𝑗 → 𝑡𝑘 > 𝑠𝑗)

𝑥 < 𝑡𝑖 ∧ 

𝑘

¬ 𝑥 = 𝑡𝑘 ∧ 

𝑖′

𝑥 < 𝑡𝑖′ → 𝑡𝑖 ≤ 𝑡𝑖′ ∧ 

𝑗

(𝑥 > 𝑠𝑗 → 𝑡𝑖 > 𝑠𝑗)

𝜑 𝑥 ↦ ∞

𝜑 𝑥 ↦ 𝑡𝑖 − 𝜖𝜑 𝑥 ↦ 𝑡𝑘



The Abstract Decision Procedure 

Non-chronological 

backtracking works 

across elimination splits

propagate decide

decide

decide

Eliminate x

𝑥 < 𝑡𝑖 ∧ 

𝑘

¬ 𝑥 = 𝑡𝑘 ∧ 

𝑖′

𝑥 < 𝑡𝑖′ → 𝑡𝑖 ≤ 𝑡𝑖′ ∧ 

𝑗

(𝑥 > 𝑠𝑗 → 𝑡𝑖 > 𝑠𝑗) 

𝑖

¬ 𝑥 < 𝑡𝑖 ∧ 

𝑘

¬ 𝑥 = 𝑡𝑘 ∧ 

𝑗

𝑥 > 𝑠𝑗

𝜑[x↦𝑡𝑖 − 𝜖] ∨ φ 𝑥 ↦ ∞



Cooper+  Abstract QE(LIA)

Terms 𝑡, 𝑠 ∷= 𝑎1𝑥1 + 𝑎2𝑥2 + …+ 𝑎𝑘𝑥𝑘 + 𝑐

Atoms 𝑎𝑡𝑜𝑚 ∶≔ 𝑎𝑥 ≤ 𝑡 𝑏𝑥 ≥ 𝑠 ± (𝑐 ↑ 𝑎𝑥 + 𝑡)

Formulas 𝜑 ∷= 𝜑 ∧ 𝜑 𝜑 ∨ 𝜑 𝑎𝑡𝑜𝑚

∃𝑥 . 𝜑 𝑎𝑖𝑥 ≤ 𝑡𝑖 , 𝑏𝑗𝑥 ≥ 𝑠𝑗 , ±(𝑐𝑘↑ 𝑎𝑘𝑥 + 𝑡𝑘)



Cooper+  Abstract QE(LIA)

 

𝑖

¬ 𝑎𝑥 ≤ 𝑡𝑖 ∧ 

𝑗

𝑏𝑥 ≥ 𝑡𝑗

𝑎𝑖𝑥 ≤ 𝑡𝑖 ∧ 

𝑖′

𝑎𝑖′𝑥 ≤ 𝑡𝑖′ → 𝑎𝑖′𝑡𝑖 ≤ 𝑎𝑖𝑡𝑖′ ∧ 

𝑗

(𝑏𝑗𝑥 ≥ 𝑠𝑗 → 𝑟𝑒𝑠𝑜𝑙𝑣𝑒(𝑎𝑖𝑥 ≤ 𝑡𝑖 , 𝑏𝑗𝑥 ≥ 𝑠𝑗))

𝜑 𝑥 ↦ ∞

𝜑 𝑥 ↦
𝑡𝑖
𝑎𝑖
𝑖𝑠 𝑙𝑢𝑏.

∃𝑥 . 𝜑 𝑎𝑖𝑥 ≤ 𝑡𝑖 , 𝑏𝑗𝑥 ≥ 𝑠𝑗 , ±(𝑐𝑘↑ 𝑎𝑘𝑥 + 𝑡𝑘)



Cooper+  Abstract QE(LIA)

Resolving integer inequalities:

∃𝑥. 𝑎𝑥 ≤ 𝑡 ∧ 𝑏𝑥 ≥ 𝑠 ≡ 𝑟𝑒𝑠𝑜𝑙𝑣𝑒 𝑎𝑥 ≤ 𝑡, 𝑏𝑥 ≥ 𝑠

n x m-ary version in [Pugh 92]



Cooper+  Abstract QE(LIA)

∃𝑥 . 𝜑 𝑎𝑖𝑥 ≤ 𝑡𝑖 , 𝑏𝑗𝑥 ≥ 𝑠𝑗 , ±(𝒄𝒌↑ 𝒂𝒌𝒙 + 𝒕𝒌) ≡

∃𝑥 . ∃𝑢 ∈ 0. . 𝛿 − 1 .

𝛿 ↑ 𝑥 − 𝑢 ∧

𝑐𝑘 ↑ 𝑎𝑘𝑥 + 𝑡𝑘 ↔ 𝑐𝑘 ↑ 𝑎𝑘𝑢 + 𝑡𝑘 ∧

𝜑 𝑎𝑖𝑥 ≤ 𝑡𝑖 , 𝑏𝑗𝑥 ≥ 𝑠𝑗 , ±(𝑐𝑘↑ 𝑎𝑘𝑢 + 𝑡𝑘)

≡

∃𝑥 . ∃𝑢 ∈ 0. . 𝛿 − 1 .
𝑐𝑘 ↑ 𝑎𝑘 𝛿𝑥 + 𝑢 + 𝑡𝑘 ↔ 𝑐𝑘 ↑ 𝑎𝑘𝑢 + 𝑡𝑘 ∧

𝜑[𝑎𝑖(𝛿𝑥 + 𝑢) ≤ 𝑡𝑖 , 𝑏𝑗(𝛿𝑥 + 𝑢) ≥ 𝑠𝑗 , ±(𝑐𝑘↑ 𝑎𝑘𝑢 + 𝑡𝑘)]
≡

∃𝑥 . ∃𝑢 ∈ 0. . 𝛿 − 1 . 𝜑 𝑎𝑖(𝛿𝑥 + 𝑢) ≤ 𝑡𝑖 , 𝑏𝑗(𝛿𝑥 + 𝑢) ≥ 𝑠𝑗 , ±(𝑐𝑘↑ 𝑎𝑘𝑢 + 𝑡𝑘)

𝛿 = 𝑙𝑐𝑚 𝑐𝑘 − 1

𝑥 ↦ 𝑥𝛿 + 𝑢

Eliminating divisibility 



Practicalities

Use LA solvers to prune search early

• Efficient LA solvers eliminate infeasible cases

• Identify satisfiable pure formulas

Linear Diophantine Equation solving, e.g., [Pugh 92] 

Elimination Order: Sequential vs. Parallel

Handling finite range arithmetic efficiently 

• In context of Z3: 
Reduce finite range arithmetic to bit-vector theory

𝑦 𝑥∃𝑥𝑦𝜑 ∃𝑥𝜓 𝜃 𝑦

𝑥

∃𝑥𝑦𝜑 𝜃



QDT: Quantfied Data-types

Eliminate quantifiers for Data-types using virtual 
substitution style approach

Other algorithms: Maher, Hodges

Convention: 𝐶 … − 𝑐𝑜𝑛𝑠𝑡𝑟𝑢𝑐𝑡𝑜𝑟: 𝑐𝑜𝑛𝑠(𝑥, 𝑙)

𝑎𝑐𝑐𝑗 . . − 𝑎𝑐𝑐𝑒𝑠𝑠𝑜𝑟𝑠: ℎ𝑒𝑎𝑑(𝑙)

𝐼𝑠𝐶 … − 𝑟𝑒𝑐𝑜𝑔𝑛𝑖𝑧𝑒𝑟: 𝑐𝑜𝑛𝑠? (𝑙)



Non-recursive case

Non-recursive data-types are particularly easy. 

Quantifier elimination can simply expand the finite set of cases 

corresponding to the set of possible constructors.

∃ 𝑥 . 𝜑[𝑥] ≡  

𝑖

∃  𝑦 . 𝜑[𝐶𝑖(  𝑦)]

Recursive case 
The recursive case requires essentially three steps. The second 

step is only applied if the formula contains an accessor term over 

the variable to be eliminated.

Fix recognizer

∃ 𝑥 . 𝜑 𝑥 ≡ 

𝑖

∃ 𝑥 . 𝐼𝑠𝐶𝑖 𝑥 ∧ 𝜑[𝑥]

Eliminate accessors

∃ 𝑥 𝐼𝑠𝐶 𝑥 ∧ 𝜑[𝑎𝑐𝑐𝑗(𝑥), 𝑥] ≡ ∃  𝑦 . 𝜑[𝑦𝑗 , 𝐶(  𝑦)]



∃ 𝑥. 𝐼𝑠𝐶 𝑥 ∧ 𝜑[𝑥] 𝑥 is not under accessor

Solve for x using unification

x in 𝜑 as: ¬ 𝑡 𝑥 ≃ 𝑦, ¬ 𝑥 ≃ 𝑡 𝑥 ∉ 𝑡

Eliminate x: 𝜑 𝑥 ≃ 𝑡𝑖 , ¬(𝑥 ≃ 𝑡𝑗) :

𝜑 𝑓𝑎𝑙𝑠𝑒, 𝑡𝑟𝑢𝑒 ∨ 

𝑖

𝐼𝑠 𝑥 ∧ 𝜑 ∧ 𝑈𝑛𝑖𝑓𝑖𝑒𝑟𝑖



Computing Unifier

𝐶 𝑡1, 𝑥 = 𝑡2 ∧ 𝜓

𝑥 = 𝑎𝑐𝑐𝐶2(𝑡2) ∧ 𝐼𝑠𝐶 𝑡2 ∧ 𝜓

Solve for x: 





From QE to QSMT

• If you just want to check satsifiability, then 
Quantifier Elimination is an over-fit.

• Research proposition: take inspiration from 
QBF solving for QAF/QDF solving



SOLVING HORN CLAUSES



Claim

Symbolic Model Checking = Solving Horn Clauses



mc(x) = x-10 if x > 100

mc(x) = mc(mc(x+11))   if x  100

assert (𝒙 ≤ 𝟏𝟎𝟏 →mc(x) = 91)

Motivation: Recursive 
Procedures



Formulate as Horn clauses:

∀𝑿. 𝑿 > 𝟏𝟎𝟎mc(𝑿,𝑿 − 𝟏𝟎)

∀𝑿, 𝒀, 𝑹. 𝑿 ≤ 𝟏𝟎𝟎 mc(𝑿 + 𝟏𝟏, 𝒀) mc(𝒀,𝑹) mc(𝑿,𝑹) 

∀𝑿,𝑹. mc(𝑿,𝑹) ∧ 𝒙 ≤ 𝟏𝟎𝟏 → 𝐑 = 91

Solve for mc

Motivation: Recursive 
Procedures



Formulate as Predicate Transformer: 

F (mc)(𝑋,𝑅) =
𝑋 > 100 ∧ 𝑅 = 𝑋 − 10

∨ 𝑋 ≤ 100 ∧ ∃𝑌.mc 𝑋 + 11, 𝑌 ∧mc(𝑌, 𝑅)

Check: μF mc 𝑋,𝑅 ∧ 𝒙 ≤ 𝟏𝟎𝟏 → 𝐑 = 91

Motivation: Recursive 
Procedures



Instead of computing μF mc 𝑋,𝑅 ,

then checking μF mc 𝑋,𝑅 ∧ 𝒙 ≤ 𝟏𝟎𝟏 →mc(x) = 91

Suffices to find post-fixed point mc𝒑𝒐𝒔𝒕 satisfying:

∀𝑿,𝑹. F mc𝒑𝒐𝒔𝒕 𝑿,𝑹 → mc𝒑𝒐𝒔𝒕 𝑿,𝑹

∀𝑿,𝑹. mc𝒑𝒐𝒔𝒕 𝑿,𝑹 ∧ 𝒙 ≤ 𝟏𝟎𝟏 → mc𝒑𝒐𝒔𝒕(x) = 91

Motivation: Recursive 
Procedures



Program Verification (Safety) 

as Solving fixed-points

as Satisfiability of Horn clauses

Program Verification as SMT
[Bjørner, McMillan, Rybalchenko, SMT workshop 2012]

Hilbert Sausage Factory: [Grebenshchikov, Lopes, Popeea, Rybalchenko, PLDI 2012]



IC3/PDR: Property Directed 
Reachability

The IC3 Algorithm for Symbolic Model Checking by Aaron Bradley

Procedures Regular vs. Push Down systems

As a Conflict-driven solver for 

recursive Horn clauses

Beyond Linear Real Arithmetic

Propositional - Timed Automata Decision Procedure

Logic - Interpolants from models

[SAT 2012. Kryštof Hoder & Nikolaj Bjørner]



PDR – the algorithm 
Objective is to solve for R such that 

F 𝑹 𝑿 → 𝑹 𝑿 ,    𝑹 𝑿 → 𝑺𝒂𝒇𝒆 𝑿 , ∀𝑿

Key elements of PDR algorithm:

Over-approximate reachable states
𝑹𝟎 ≔ F 𝐟𝐚𝐥𝐬𝐞 , 𝑹𝟏 → 𝑹𝟐 → ⋯ → 𝑹𝑵≔ 𝐭𝐫𝐮𝐞
Propagate back from ¬𝑺𝒂𝒇𝒆

Resolve conflicts

Strengthen/propagate using induction



PDR – the algorithm

Objective is to solve for R such that 

F 𝑹 𝑿 → 𝑹 𝑿 ,    𝑹 𝑿 → 𝑺𝒂𝒇𝒆 𝑿 , ∀𝑿

Initialize:

Main invariant:

𝑺𝒂𝒇𝒆 𝑹𝟏 ≔ 𝒕𝒓𝒖𝒆

↖ ↗ ↖
𝑹𝟎 ≔ F 𝒇𝒂𝒍𝒔𝒆 F 𝑹𝟎

𝑺𝒂𝒇𝒆 𝑹𝒊+𝟏
↖ ↗ ↖
𝑹𝒊 F 𝑹𝒊



A digression



Dualities – Recurring Theme

P
ro

o
fs

M
o

d
el

s

Core DPLL(T) engine

Fixed Points engine

Nonlinear solver

Linear Integer solver



Core Engine in Z3:  Modern DPLL/CDCL
Initialize 𝜖| 𝐹 𝐹 𝑖𝑠 𝑎 𝑠𝑒𝑡 𝑜𝑓 𝑐𝑙𝑎𝑢𝑠𝑒𝑠

Decide 𝑀 𝐹 ⟹ 𝑀, ℓ 𝐹 ℓ 𝑖𝑠 𝑢𝑛𝑎𝑠𝑠𝑖𝑔𝑛𝑒𝑑

Propagate 𝑀 𝐹, 𝐶 ∨ ℓ ⟹ 𝑀, ℓ𝐶∨ℓ 𝐹, 𝐶 ∨ ℓ 𝐶 𝑖𝑠 𝑓𝑎𝑙𝑠𝑒 𝑢𝑛𝑑𝑒𝑟 𝑀

Sat 𝑀 |𝐹 ⟹ 𝑀 𝐹 𝑡𝑟𝑢𝑒 𝑢𝑛𝑑𝑒𝑟 𝑀

Conflict 𝑀 𝐹, 𝐶 ⟹ 𝑀 𝐹, 𝐶 | 𝐶 𝐶 𝑖𝑠 𝑓𝑎𝑙𝑠𝑒 𝑢𝑛𝑑𝑒𝑟 𝑀

Learn 𝑀 𝐹 | 𝐶 ⟹ 𝑀 𝐹, 𝐶 | 𝐶

Unsat 𝑀 𝐹 ∅ ⟹ 𝑈𝑛𝑠𝑎𝑡

Backjump 𝑀𝑀′ 𝐹 | 𝐶 ∨ ℓ ⟹ 𝑀ℓ𝐶∨ℓ 𝐹 ¬ℓ ∈ 𝑀′, 𝑀′∩ ¬𝐶 = ∅

Resolve 𝑀 𝐹 | 𝐶′ ∨ ¬ℓ ⟹ 𝑀 𝐹 | 𝐶′ ∨ 𝐶 ℓ𝐶∨ℓ ∈ 𝑀

Restart 𝑀 𝐹 ⟹ 𝜖 𝐹

Forget 𝑀 𝐹, 𝐶 ⟹ 𝑀 𝐹 𝐶 𝑖𝑠 𝑎 𝑙𝑒𝑎𝑟𝑛𝑒𝑑 𝑐𝑙𝑎𝑢𝑠𝑒

[Nieuwenhuis, Oliveras, Tinelli J.ACM 06] customized



Search: Mile-high perspective

Modern SMT solver

Fixedpoint solver

Decisions: 

Assignments 
Conflict Clauses

← SP 𝑰𝒏𝒊𝒕 ← 𝑰𝒏𝒊𝒕𝑩𝒂𝒅 → WP 𝑩𝒂𝒅 →Conflict 

Resolution

Conflict

Resolution



Conflict resolution with arithmetic

R(0,0,0,0). Initial states

T(L,M,Y1,Y2,L’,M’,Y1’,Y2’)R(L,M,Y1,Y2)  R(L’,M’,Y1’,Y2’) Reachable states 

R(2,2,Y1,Y2)  false Is unsafe state reachable?



Conflict resolution with arithmetic

R(0,0,0,0). Initial states

T(L,M,Y1,Y2,L’,M’,Y1’,Y2’)R(L,M,Y1,Y2)  R(L’,M’,Y1’,Y2’) Reachable states 

R(2,2,Y1,Y2)  false Is unsafe state reachable?

Step(L,L’,Y1,Y2,Y1’)  T(L,M,Y1,Y2,L’,M,Y1’,Y2) P1 takes a step

Step(M,M’,Y2,Y1,Y2’)  T(L,M,Y1,Y2,L,M’,Y1,Y2’) P2 takes a step

Step(0,1,Y1,Y2,Y2+1).                                                     ℓ𝟎: 𝒚 ≔  𝒚 + 𝟏;𝒈𝒐𝒕𝒐 ℓ𝟏
(Y1 ≤ Y2 ∨ Y2 = 0)  Step(1,2,Y1,Y2,Y1). ℓ𝟏: 𝒂𝒘𝒂𝒊𝒕  𝒚 = 𝟎 ∨ 𝒚 ≤  𝒚 ; 𝒈𝒐𝒕𝒐 ℓ𝟐
Step(2,3,Y1,Y2,Y1). ℓ𝟐: 𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍 ; 𝒈𝒐𝒕𝒐 ℓ𝟑
Step(3,0,Y1,Y2,0). ℓ𝟑: 𝒚 ≔ 𝟎;𝒈𝒐𝒕𝒐 ℓ𝟎



Conflict resolution with arithmetic

R(0,0,0,0). Initial states

T(L,M,Y1,Y2,L’,M’,Y1’,Y2’)R(L,M,Y1,Y2)  R(L’,M’,Y1’,Y2’) Reachable states 

R(2,2,Y1,Y2)  false Is unsafe state reachable?

Step(L,L’,Y1,Y2,Y1’)  T(L,M,Y1,Y2,L’,M,Y1’,Y2) P1 takes a step

Step(M,M’,Y2,Y1,Y2’)  T(L,M,Y1,Y2,L,M’,Y1,Y2’) P2 takes a step

Step(0,1,Y1,Y2,Y2+1).                                                     ℓ𝟎: 𝒚 ≔  𝒚 + 𝟏;𝒈𝒐𝒕𝒐 ℓ𝟏
(Y1 ≤ Y2 ∨ Y2 = 0)  Step(1,2,Y1,Y2,Y1). ℓ𝟏: 𝒂𝒘𝒂𝒊𝒕  𝒚 = 𝟎 ∨ 𝒚 ≤  𝒚 ; 𝒈𝒐𝒕𝒐 ℓ𝟐
Step(2,3,Y1,Y2,Y1). ℓ𝟐: 𝒄𝒓𝒊𝒕𝒊𝒄𝒂𝒍 ; 𝒈𝒐𝒕𝒐 ℓ𝟑
Step(3,0,Y1,Y2,0). ℓ𝟑: 𝒚 ≔ 𝟎;𝒈𝒐𝒕𝒐 ℓ𝟎



PDR(T): Conflict Resolution

𝑳 = 𝟎
𝑴 = 𝟎
𝒀𝟐 = 𝟎
𝒀𝟏 = 𝟎

𝑳 = 𝟏
𝑴 = 𝟐
𝒀𝟐 = 𝟎

𝑳 = 𝟐
𝑴 = 𝟐

𝑳 = 𝟏
𝑴 = 𝟏
𝒀𝟏 = 𝟏
𝒀𝟐 = 𝟎

𝑳 = 𝟎
𝑴 = 𝟏
𝒀𝟐 = 𝟎



PDR(T): Conflict Resolution

𝑳 = 𝟎
𝑴 = 𝟎
𝒀𝟐 = 𝟎
𝒀𝟏 = 𝟎

𝑳 = 𝟏
𝑴 = 𝟐
𝒀𝟐 = 𝟎

𝑳 = 𝟐
𝑴 = 𝟐

Conflict Resolution

𝑳 = 𝟏
𝑴 = 𝟏
𝒀𝟏 = 𝟏
𝒀𝟐 = 𝟎

𝑳 = 𝟎
𝑴 = 𝟏
𝒀𝟐 = 𝟎

∧
∧

Conflict Resolution

Get Generalization from Farkas Lemma

Eg., resolve away blue internal variables  

𝒀𝟐 ≥ 𝒀𝟏 + 𝟏 ∧ 𝒀𝟏 ≥ 𝟎 𝒀𝟐 ≤ 0𝒀𝟐 ≥ 𝟏𝒀𝟐 ≤ 0 ∧



Side-effect: Horn Craig Interpolants

Suppose 𝐴 ⇒ 𝐵

A Craig Interpolant is formula 𝐼:

𝐿𝑎𝑛𝑔 𝐼 ⊆ 𝐿𝑎𝑛𝑔 𝐴 ∩ 𝐿𝑎𝑛𝑔 𝐵

𝐴 ⇒ 𝐼, 𝐼 ⇒ 𝐵

Horn version. Establish satisfiability of:

∀𝑥, 𝑦. 𝐴[𝑥, 𝑦] ⇒ 𝐼 𝑥 ,

∀𝑥, 𝑧. 𝐼 𝑥 ⇒ 𝐵[𝑥, 𝑧]

and find solution for 𝐼.



Side-effect: Horn Craig Interpolants

Suppose 𝐴 ⇒ 𝐵

A Craig Interpolant is formula 𝐼:

𝐿𝑎𝑛𝑔 𝐼 ⊆ 𝐿𝑎𝑛𝑔 𝐴 ∩ 𝐿𝑎𝑛𝑔 𝐵

𝐴 ⇒ 𝐼, 𝐼 ⇒ 𝐵

∀𝑿. 𝑿 > 𝟏𝟎𝟎 mc0(𝑿,𝑿 − 𝟏𝟎)
∀𝑿, 𝒀, 𝑹. 𝑿 ≤ 𝟏𝟎𝟎  mc0(𝑿 + 𝟏𝟏, 𝒀)  mc0(𝒀,𝑹)  mc1(𝑿,𝑹)
∀𝑿. 𝑿 > 𝟏𝟎𝟎 mc1(𝑿,𝑿 − 𝟏𝟎)
∀𝑿, 𝒀, 𝑹. 𝑿 ≤ 𝟏𝟎𝟎  mc1(𝑿 + 𝟏𝟏, 𝒀)  mc1(𝒀,𝑹)  mc2(𝑿,𝑹) 
∀𝑿. 𝑿 > 𝟏𝟎𝟎 mc2(𝑿,𝑿 − 𝟏𝟎)
∀𝑿,𝑹. mc2(𝑿,𝑹)  𝑹 ≥ 𝟗𝟏

Solve for mc0, mc1, mc2


